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Abstract. For the modular lattice = {1 + 1 + 1 + 1} associated with the extended 
Dynkin diagram D4 (and also for , where r > 4), Gelfand and Ponomarev introduced 
the notion of admissible and perfect lattice elements and classified them. In this work, we 
classify the admissible and perfect elements in the modidar lattice D^'^'^ = {2 + 2 + 2} 
associated with the extended Dynkin diagram Eq. Gelfand and Ponomarev constructed 
admissible elements for recurrently in the length of multi-indices, which they called 
admissible sequences. Here we suggest a direct method for creating admissible cilcinients. 
Admissible sequences and admissible elements for D^'"^'^ (resp. D'^) form 14 classes (resp. 
11 classes) and possess some periodicity. 

If under all indecomposable representations of a modular lattice the image of an clement 
is either zero or the whole representation space, the element is said to perfect. Our 
classification of perfect elements for _d2,2,2 i-j^j^^qJ qj^ description of admissible elements. 
The constructed set of perfect elements is the union of 64-element distributive lattices 
H'^{n). and is the distributive lattice itself. The lattice of perfect elements obtained 
by Gelfand and Ponomarev for can be imbedded into the lattice of perfect elements , 
associated with Z)^'^'^. 
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CHAPTER 1 



Introduction 

. . . These developments, and several others that I 
have not mentioned, are a belated validation of 
Garrett Birkhoffs vision, which we learned in three 
editions of his Lattice Theory, and they betoken 
Professor Gelfand's oft-repeated prediction that 
lattice theory will play a leading role in the 
mathematics of the twenty-first century. 

G-C Rota, R97, p. 1445]. 

1.1. Modular and linear lattices, perfect elements 

The objects considered in this work have diverse applications from quantum logic of 
quantum mechanics (see Remark |l.l.2|) to representation problems of posets and quivers of 
tame type (see Hl.'S^ . The potential of these applications is, however, still dormant to a 
considerable extent, even the basic notions are not widely known. In Appendix^ we give 
definitions and examples of some notions including modular and linear lattices, representa- 
tions of modular lattices and perfect elements. In this section we briefly remind a number 
of notions. 

A lattice is a set L with two commutative and associative operations: a sum and an 
intersection. If a, 6 G L, then we denote the intersection by ab and the sum by a + 6. Both 
operations are idempotent 

aa = a, a + a = a 

and satisfy the absorbtion law 

a{a + b) = a, a + ab = a. 
On the lattice L, an inclusion C is defined: 

a C b <^==^ ab = a or a + b = b, 

see ^Ka\ 

A lattice is said to be modular if, for every b,a,c & L, 

a C b =^ b{a + c) = a + be, (1.1) 

see 

Good examples of modular lattices, bringing us some intuition, are the lattices of sub- 
spaces of a given vector space, normal subgroups of a given group, ideals of a given ring. 

Remark 1.1.1. Actually, the above examples of modular lattices are more than modular. 
In his famous work !Hal85, M. Haiman baptized these lattice the linear lattices. The linear 
lattices are also known as lattices of commuting equivalence relations, see ^A.9I The term 
linear was suggested by G.-C.Rota, see |Hai85[ p.l], jFMR96j. 

The linear lattices were studied by B. Jonsson in iJo53 . |.To54j . where these lattices 
were named lattices with representations of type 1. In |Jo53j B. Jonsson also introduced 
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14 1. INTRODUCTION 

the Arguesian law also studied by M. P. Schiitzenberger |Sch45j . The Arguesian law, see 
|MY2nnni p.3] and TTaiHS], is a lattice-theoretic form of the Desargues theorem of projec- 
tive geometry, see ^Gr98^ Ch.4]. Lattices satisfying the Arguesian law are called Arguesian 
lattices. For more details about linear and Arguesian lattices, see ^A.91 On Fig. 11.11 the 
hierarchical relations between three classes of lattices: modular, Arguesian, and linear are 
shown. 




Figure 1.1. Modular, Arguesian and Linear Lattices 

We denote by the free modular lattice with r generators 

= {€,,..., er}, (1.2) 
see |GP74j . |Fr80j . The word "free" means that no relation exists between generators 

6j, i 1, . . . , 7". 

Denote by D^'^'^ the modular lattice with 6 generators {xi,yi,X2,y2,X3,y3} satisfying 
the following relations: 

L)2,2,2 ^ ^ ^ ^ y^^_ ^^ ^^^^ 

Symbol D in ()1.2j) and (jl.Hj) is used in honour of R. Dedekind who derived the main properties 
of the modular lattices, [DelSOTj . The modular law (jl.lj) is also known as Dedekind's law 
and the modular lattices are sometimes called the Dedekind lattices, see ^A.21 

Let L be a modular lattice, X a finite dimensional vector space, C{X) the modular lattice 
of linear subspaces in L. A morphism p : L — > ^i^) is called a linear representation of L 
in the space X, see €01 By fProDosition IA.9.5jl the modular lattice C{X) is a linear 
lattice. Thus, we consider representations of the modular lattice L in the linear lattices 

Following jGP74j we introduce now the notions of perfect elements and linear equiva- 
lence relation. The element a G L is said to be perfect if p{a) = or p(a) = X for each 
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indecomposable representation p of the modular lattice L, where X is the representation 
space of p, see §A.61 

Two elements a,b E L are called linearly equivalent if p{a) = p{b) for all indecomposable 
representations p : L — > '^{X) and we write 

a = b mod 6. (1.4) 

The relation 6 is called the linear equivalence relation, see §A.6I 

Remark 1.1.2. Manin I Man79( p. 98] pointed out at a connection between perfect ele- 
ments and quantum tautologies in the quantum logic introduced by Birkhoff and von Neu- 
mann in |BvN36] . In quantum logic, & perfect dementis called a modular question [M an79j . 
In jK S67j . Kochen and Specker considered related topics in the foundations of the quantum 
mechanics and the quantum logic. 

G.-CRota writes in [R97, p. 1444] that Haiman's proof theory |Hai85j for linear lattices 
brings to fruition the program that was set forth in |BvN36] : "The authors^ did not know 
that the modular lattices of quantum mechanics are linear lattices. In light of Haiman's proof 
theory, we may now confidently assert that Birkhoff and von Neumann's logic of quantum 
mechanics is indeed the long-awaited new "logic" . . . " . 

Finberg, Mainetti and Rota in [FMROGj gave a simplified presentation of the work of 
Haiman |Hai85j . 

For more details about linear lattices, see ^A.91 



1.2. Outline of admissible elements 

First, in this section, we outline the idea of admissible elements due to Gelfand and 
Ponomarev |GP74j . In |GP74j . |GP76j . these elements were used to obtain the distribu- 



tive sublattice of perfect polynomials . We think today, that apart from being helpful in 
construction of perfect elements, the admissible elements are interesting in themselves. 

Further, we outline properties of admissible elements obtained in this work: finite clas- 
sification, (f—homomorphism, reduction to atomic elements and periodicity, see 11.2.21 

1.2.1. The idea of admissible elements of Gelfand and Ponomarev. Here, we 
describe, omitting some details, the idea of constructing the elementary maps and admissible 
elements of Gelfand-Ponomarev. As we will see below, the admissible elements grow, in a 
sense, from generators of the lattice or from the lattice's unity. 

For every representation p of the modular lattice L, a new representation p is uniquely 
constructed by means of the Coxeter functor introduced by Bernstein, Gelfand and 
Ponomarev in |BGP73] to study representations of graphs, see ^A.81 Let X (resp. X) be 
a space of the representation p (resp. p), and C{X) (resp. C{X)) be the set of subspaces of 
X (resp. X): 

p: L — >C{X), p: L — ^ C{X). (1.5) 
Construction of the elementary map ip. Let there exist a map ip mapping every subspace 
A G C{X) to some subspace B G C{X): 

^ : C{X) C{X), 

(1.6) 

ipA = B, or B. 

It turns out that for many elements a E L there exists an element 6 G L (at least in L = 
and D^'^'^) such that 

fPic^) = P{b) (1.7) 

^G. Birkhoff G. and J. von Neuman |BvN36j . 
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for every pair of representations {p,p), where p = The map (f in ()1.7|) is constructed 

in such a way, that ip do not depend on p. Thus, we can write 

a^b. (1.8) 

In particular, eq. p.7j) and p.8|l are true for admissible elements, whose definition will be 
given later, see §1.7[ Eq. p.7|l is the main property characterizing the admissible elements. 

For D'^, Gelfand and Ponomarev constructed 4 maps of form (pi,(p2,<f3,ip4 and 

called them elementary maps. In this work, for D^'^'^, we construct 3 maps (pi, one per chain 
Xi C see ( ^1.61 and Ch|2I). Given a sequence of relations 

We say that elements 02, 03, . . . , aj^_2, aj^_j, grow from the element Oj^. By abuse of 
language, we say that elements growing from generators Cj or unity / are admissible elements, 
and the corresponding sequence of indices {i„i„_iz„_2 . . .^2^1} is said to be the admissible 
sequence. For details in the cases D^'"^'^ (resp. D"^) see ^1.7.H (resp. ^1.7.2|1 . 

1.2.2. Reduction of the admissible elements to atomic elements. Here, we 
briefly give steps of creation of the admissible elements in this work. 

1.2.2.1. Finite classification. The admissible elements (and admissible sequences) can be 
reduced to a finite number of classes, see ^1.71 Admissible sequences for D^'^'^ (resp. D^) 
are depicted on Fig. 11.31 fresp. Fig. II. 4|) . The key property of admissible sequences allowing 
to do this classification is the following relation between maps ipi. 

For D^'^-^ (see Proposition I2.1().2jl : 

iji = iki, 

iPiiPjiPi = ipiipk^Pi, where {i,j,k} = {1,2,3}. 
For (see Proposition I4.(j. ij) : 

ikj = ilj, 

(PiifkVj = LPiLpiiPj, where {i,j,k,l} = {1,2,3,4}. 

1.2.2.2. ifi—homomorphism. In a sense, the elementary maps ipi are homomorphic with 
respect to admissible elements. More exactly, introduce a notion of (y9j— homomorphic ele- 
ments. Let 

a a and p p. (1-10) 
The element a G L is said to be ipi— homomorphic, if 

ap ap (1-11) 

for all p & L, see ^1.61 

1.2.2.3. Reduction to atomic elements. We permanently apply the following mechanism 
of creation of admissible elements from more simple elements. Let ifi be any elementary 
map, and 

a I — > a, 01 — > b, CI — > c, p\ — > p. 

Suppose abcp is any admissible element and a, b, c are <^j— homomorphic. By means of relation 
p.ll|) we construct new admissible element 

dbcp, 

The elements a, b, c are called atomic, see ^1.51 
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1.2.2.4. Periodicity. Admissible sequences obtained by reducing in heading (1) possess 
some periodicity. The corresponding admissible elements are also periodic. On Fig. 11.21 we 
see an example of admissible elements for D^'^'^: 

e(213)P(21), e3(213)P(21), 613(213)^ (21) • 

Three vertical lines on Fig. 11.21 correspond to three series of inclusions: 



• ■ ■ ^ e(2l3)P+l(21) ^ e(213)P(21) ^ ■ ■ ■ ^ e(213)(21) ^ 6(21), 

■ ■ ■ ^ e3(2l3)P+i(21) ^ e3(2l3)P(21) ^ " " " ^ e3(2l3)(21) ^ 63(21), 

• ■ ■ ^ ei3(2l3)P+i(21) ^ ei3(213)P(21) ^ " " " ^ ei3(213)(21) ^ 613(21) C Ci, 



;i.i3) 



Relation p.l3|) is easily obtained from Table [021 From the same table we can see periodicity 
of indices of atomic elements entering in the decomposition of admissible elements. The 
triangular helix on Fig. 11.21 corresponds to relations 



e(213)P(21) 
e3(213)P(21) 
ei3(213)P(21) 



^3(213)^(21), 



f2 



'13(213)P(21), 



;i.i4) 



I — > e 



(213)P+i(21)- 



Relation ()1.14|) is a particular case of the main theorem on admissible elements (Theorem 
12.1 2.1 11 . 



^13(213)^(21) 



^13(213)(21) 



'13(21) 




^3(213)^(21) 



^3(213)^(21) 



3(213)(21) 



3(21) 



'21 



Figure 1.2. Periodicity of admissible elements 
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1.3. Bibliographic notes: word problems, tame problems 

Admissible elements for in |GP74j . |GP76j are built recurrently in the length of 
multi-indices named admissible sequences. In this work we suggest a direct method for 
creating admissible elements. For Z)^'^'^ (resp. -D^), the admissible sequences and admissible 
elements form 14 classes (resp. 11 classes) and possess some periodicity properties, see ^1.7.11 
Tables O O (resp. ^TVA Tables mH . 

For the definition of admissible polynomials due to Gelfand and Ponomarev and exam- 
ples obtained from this definition, see §4.8.21 Dlab and Ringel in jPRSOj and Cylke in 
[Cyl82j proved that perfect elements^ constructed by Gelfand and Ponomarev coincide with 
all possible perfect elements modulo linear equivalence, see §A.6I 

The study of -D*", where r > 4 might be a rather hard task. We just point to two works 
on the word problem for the free modular lattices. Herrmann proved in |H83j that the 
word problem in is unsolvable, and Freese in |Fr80j proved that the word problem in 



D'^ is unsolvable for r > 5. Furthermore, Herrmann proved that the modular lattice freely 
generated by a partially ordered set P containing one of lattices 

1 + 1 + 1 + 1, 2 + 2 + 2, 1 + 2 + 3, 

has an unsolvable word problem, |H83| p. 526]. Thus, the modular lattice D^'^'^, which is 
of interest to us, has also an unsolvable word problem. We mention also the following fact 
proved by Wille |W73j : a modular lattice is finite if and only if it does not contain 

1 + 1 + 1 + 1 and 1 + 2 + 2. 

Gelfand conjectured that the free linear lattice in four generators has the solvable word 
problem. If this conjecture is true, it would distinguish the class of linear lattices from that 
of modular lattices, see |KY2003| p.4] . 

The problem of classifying all indecomposable representations of Z)^ {indecomposable 
quadruples) of subspaces of arbitrary finite dimensional spaces is equivalent to that of deter- 
mining all indecomposable representations of the graph 



which corresponds to the extended Dynkin diagram D4. This is a representation problem of 
tame type solved by Nazarova |Naz67j and by Gelfand and Ponomarev |GP70j by different 
means. 

The problem of classifying all indecomposable representations of D^'^-^ is equivalent to 
that of determining all indecomposable representations of the graph 

O — > O — ¥ O < — 0< — O 

T 

o 

t 

o 



In the context of this article perfect element is the same as perfect polynomial, similarly admissible 
element is the same that admissible polynomial 



1.4. OUTLINE OF THIS WORK 



19 



which corresponds to the extended Dynkin diagram Eq. This is also a representation problem 
of tame type solved by Nazarova fN az73j and by Dlab and Ringel |DR74j . |DR,76j . 

Ponomarev considered in detail perfect elements for lattices related to the Dynkin dia- 
gram An [Pon90 . For every Dynkin diagram, he described perfect elements by means of 
so-called hereditary subsets in the corresponding Auslander-Reiten diagram, |Pon901 Theo- 
rem 1.6]. 

Cylke [Cyl93] has constructed a sublattice B~^{S) U B^{S) in the modular lattice L{S) 
freely generated by a poset S of finite type, or tame type of finite growth. The sublattice 
B~^{S)UB~{S) is a natural generalization of the sublattices B~^UB~ of perfect elements con- 
structed by Gelfand- Ponomarev [GP74]. The sublattice B^{S) UB^{S) is built by means of 
poset differentiation. Nazarova and Roiter used this technique to construct indecomposable 
representations of posets and quivers |NR72j . |Naz73j . |Ro85j . |GR92j . 



1.4. Outline of this work 

In this work we construct admissible and perfect elements for the modular lattice D^'^'^, 
associated with the extended Dynkin diagram Eg, see ChE]- ChlHl and admissible elements 
for the modular lattice D"^, associated with the extended Dynkin diagram D4, see Ch^] For 
D^, the admissible elements constructed in this work and admissible elements constructed 
by Gelfand and Ponomarev [GP74] coincide at least modulo linear equivalence, see §4.8.21 

The diagrams Eq and D4 are tame quivers, i.e., their representations can be classified 
|Naz78| . IDR76J. 

During the construction of perfect elements in the lattice D^'"^'^ various lattice poly- 
nomials in Z}2'2>2 naturally appear: atomic, (p—homomorphic, admissible, cumulative and 
perfect. Atomic polynomials form a basis for constructing admissible elements. The cumula- 
tive polynomials are constructed by means of admissible elements, and perfect elements are 
constructed from the cumulative elements: 

Atomic =^ Admissible =^ Cumulative =^ Perfect 



In the sequel to this paper we intend to show that admissible sequences play an important 
role in the study of the preprojective algebras, GP79j . (DR,79j . |,Rin96j . 
The results of the work were partially published in |St89j . 

In Chl^we introduce atomic, admissible and cumulative lattice polynomials and consider 
basic properties of these polynomials. Table 12.31 gives a full list of admissible polynomials 

for L)2,2,2^ g^lgQ ^ 

In Chini we obtain sublattices of perfect elements H^[n) in D^'^'^ and show that the 
lattice 

00 

H+ =[j H+{n) 

n=0 

is a distributive lattice of perfect elements. The union has an interesting architecture 
and contains distributive lattice B~^ of perfect elements of D'^, see Fig. II. 6[ ^1.121 

In Chin by repeating the technique developed for Z}2,2,2 Ch|21 we construct admissible 
elements in D'^. 

For the convenience of the reader, we recall in App endix 1X1 some properties of the modular 
lattices, their representations, and give a brief introduction to linear lattices. 

Proofs of a number of theorems and verification of several properties are moved to Ap- 
pendices IHl and O 
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In this work we consider the diagram only with central orientation in which all arrows 
are directed to the vertex xq. The modular lattice D^'^'^ is generated by partially ordered set 
2 + 2 + 2. The generators Xi,yi,{i = 1,2,3) satisfy the inclusions Xi C For convenience, 
we include unity / in the lattice D^'^'^: 

U I 

D^'^'^ ys (1.15) 
U I 

X3 

Following Bernstein-Gelfand-Ponomarev |BGP73] and Gelfand-Ponomarev |GP74j we use 
the Coxeter functor and the elementary linear maps (pi. 



xi ^ yi ^ xo 

Eg y3 

T 

X3 



1.5. Atomic polynomials 

Atomic lattice polynomials have a simple lattice definition. They are called atomic 
because admissible, cumulative and ^)er/ect lattice polynomials (as well as invariant in [St92]) 
are defined by means of these polynomials. 

For D^'^'^, the definition of a^, A^, n E {0, 1, 2, . . . }, is cyclic through the indices i,j, k, 
where the triple {i,j, k} is a permutation of {1, 2, 3}. We set 



7«J 



= / for n = 0, 

«n = VjO'^n-l for ^ > 1, 

AjJ' = J forn = 0, 



;i.l6) 



' A^i = yi + XjAl'_^ for n > 1, 

The elements a^, are said to be atomic elements in D^'^'^: 
Examples of atomic elements in D^'^'^. 

af =xi+ y2, Af = yi+ X2, 

=xi+ y2{x2 + z/s), = yi+ 2:2(1/3 + xi), 

= xi+ y2{x2 + ysixs + yi)), Al^ = yi + X2{y3 + Xi{y2 + X3)), 

af = xi+ y2{x2 + y^ivz + yi{xi + 1/2))), Af = yi + X2{y3 + xi{y2 + x^iyi + X2))), 

For D'^, we define atomic lattice polynomials a^, where i,j G {1,2,3,4}, n G as 
follows 

.,^f< = / forn = 0, 

n \ a , kl I Zfc f \ 1 \^--^' J 

a'^ = e, + Cj-a^.^ = + eja„_i for n > 1, 

where {i,j, k, 1} is the permutation of the quadruple {1, 2, 3, 4}, and {ei, 62, 63, 64} are gen- 
erators in D^, see ^4.2[ 

Examples of the atomic elements in D^. 

of = ei + 62, 



af = ei + 62(63 + 64), 

af = 61 + 62(63 + 64(61 + 62)), 

af = 61 + 62(62 + 63(61 + 62(63 + 64))), 
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1.6. The elementary maps tpi of Gelfand-Ponomarev 

Throughout the work the maps (fi play a central role. For exact definition of the maps y?,, 
see §2. HI Gelfand and Ponomarev introduced the maps (fi in |(;P74[ p.27] for the modular 
lattices D'' and called them elementary maps. 

Remark 1.6.1 (An explanation of indices). Let Xq be the representation space of the 
representation p, Xq be the representation space of the representation = ($"•")"/), where 
n > 1 and is the Coxeter transformation. The lower index means that Xq is the image 
of the generator xq of the lattice D^'^'^ under the representation ($+)"p, see fjl.l5|) : 

($+)"p(xo) = Xq" for n > 1, where p(xo) = Xq. 

($+)>(y,) = for n > 1, where p(i/,) = F,, {i = 1, 2, 3). (1.18) 
($+)Xxi) = Xf for n > 1, where p(xi) = X^, [i = 1, 2, 3). 

The indices z = 1, 2, 3 of yjj mean that ipi operates to the subspace Yi C Xq, where Yi is the 
image of the generator yi under the representation $^p, see p.l9j] : 

Xi C Yi C Xo D Y2 D X2 Xl C C X^ D Y^ D X\ 

U I U I 

U I U I 

X3 x\ 

We introduce now <^j— homomorphic polynomials playing an important role in our further 
considerations. 

An element a C /}2,2,2 jg g^^jj ipi~homomorphic, if 

^i<l>+p(ap) = ^i<l>+p(a)(^i<l'+p(p) for all p C L)2,2,2_ ^^^ ^O) 

An element a C _d2,2,2 -g g^^j^ ^.^ [(fi,yf.) — homomorphic, if 

(^i$+p(ap) = (^i$+p(?/fca)(^i$+p(p) for all p C y^. (1.21) 

Here $+p(a), $+p(p) are the images of a,p G Z}^'^'^ under representation $"*"p (see 
Remark II. 6. 1|) . For the detailed definition of ipi and related notions, see ^2.2I -^ E731 
The notion of yjj— homomorphic elements in is similarly introduced in ^4.71 

All atomic polynomials are y^j— homomorphic. More exactly, for D^'^'^, we have (see 
Theorem l^im 

1) The polynomials are (pi— and y^j— homomorphic. 

2) The polynomials are homomorphic. 

3) The polynomials A]^ are (y^j, ?/fc)— homomorphic. 

For D^, we have f Theorem 14.7.11 ^4.7^ : 

1) The polynomials are homomorphic. 

2) The polynomials (y^j, 6^)— homomorphic. 

1.7. Admissible sequences and admissible elements 

1.7.1. Admissible sequences for Z}^'^'^. The ac?mzssz6/e lattice polynomials are intro- 
duced in ^2.121 They appear when we use different maps ipi, where i = 1,2, 3. The admissible 
polynomials can be indexed by means of a finite number of types of index sequences, called 
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admissible sequences. Consider a finite sequence of indices s = in ■ ■ - ii, where ip G {1, 2, 3}. 
The sequence s is said to be admissible if 

(a) Adjacent indices are distinct {ip ^ ip+i) ■ 

(b) In each subsequence ijz, we can replace index j by k. In other words: 
.. .iji ■■■ = .. . iki . . . , where all indices i, j, k are distinct . 

The admissible sequence with ii = 1 for D^'"^'"^ may be transformed to one of the seven 
types (Proposition I2.11T| see ^2.11|) . 

1) (213)'"(21)", 2) 3(213)'"(21)", 3) 13(213)'"(21)", 

4) (312)'"(31)", 5) 2(312)'"(31)", 6) 12(312)'"(31)", (1.22) 

7) 1(21)" = 1(31)". 

similarly for ii = 2, 3, for example, for ii = 2, the admissible sequences are: 

1) (123)"'(12)", 2) 3(123)^(12)", 3) 23(123)™(12)", 

4) (321)™(32)", 5) 1(321)^(32)", 6) 21(321)'^(32)", (1.23) 

7) 2(12)" = 2(32)". 

A description of all admissible sequences for D"^'^'"^ is given in Table HTR and a description 
of all admissible elements is given in Table 12.31 For every 

from Table ESI where a is an admissible sequence, the following statement takes place: 

Let a be an admissible sequence z„ . . . zi and i ^ in- Then ia is also an admissible 
sequence and 

ipi^~^p{za) = p{zia) for each representation p 
(Theorem Einill EE! see Fig. 0|l . 



1.7.2. Admissible sequences for D^. The admissible sequence for is defined as 
follows. Consider a finite sequence of indices s = in ■ ■ ■ ii, where ip G {1, 2, 3}. The sequence 
s is said to be admissible if 

(a) Adjacent indices are distinct {ip ^ «p+i). 

(b) In each subsequence ij7, we can replace index j by k. In other words: 
.. .ijl ■■■ = .. .ikl ... , where all indices i, j, k, I are distinct. 
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1321 f21)2 (31)2 1231 
(213X21) 3(21)2 ,^21)2 2(31)2 (312)(31) 

"^J ^ \. \. ^ \n ^ 

3[213)(21) 13(21)2 (3ir 12(3 1)^ 2(312)(31) 

'/^ \ ^ \ ^ \j/ \' 

13[213)(21) (213)(21)2 3(21)3 1(21)^ 2(31)3 (31 2)(31)2 12(31 2)(31) 
««« ««« i * i *** *** *** *i* *** 

Figure 1.3. How maps (yjj act on the admissible sequences 

Any admissible sequence with 2 = 1 for D'' may be transformed to one the next 11 types 
(Proposition WT^ Table ED) : 

1) (21)*(41)'-(31)^ = (21)*(31)^(41)^ 

2) (31)*(41)"(21)^ = (31)*(21)*(41)^ 

3) (41)*(31)"(21)" = (41)*(21)^(31)^ 

4) 1(41)*(31)"(21)^ = 1(31)*(41)^(21)" = 1(21)*(31)'(41)^ 

5) 2(41)"(31)'(21)* = 2(31)"+^(41)'-i(21)*, 

6) 3(41)'-(21)^(31)* = 3(21)^+1(41)^-1(31)*, 

7) 4(21)^(31)^(41)* = 3(31)'+i(21)'^-i(41)*, ^ ' ^ 

8) (14)^(31)^(21)* = (14)''(21)*+i(31)^-i = (13)^(41)'^(21)* = 
(13)^(21)*+i(41)"-i = (12)*+i(41)"(31)^-i = (12)*+i(31)^-i(41)^ 

9) 2(14)^(31)^(21)*, 

10) 3(14)^(31)^(21)*, 

11) 4(14)"(31)'(21)*. 

Let a be an admissible sequence in - ■ - ii and i ^ in, where is G {1,2,3,4}. Let Za = 
Ga, fao be admissible elements for from Table IH?! Then ia is also an admissible sequence 
and 

ipi^~^p{za) = p{zia) for each representation p, (1-25) 

see Theorem 14.8. H Fig. 11.41 The admissible elements for form a finite family and are 
directly constructed, see Table HTHl 
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Admissible polynomials given by Table l^l^l coincide mod 9^ with polynomials constructed 
by Gelfand and Ponomarev. For small lengths of the admissible sequences, we prove that 
these polynomials coincide without restriction mod 9, see Propositions I4.8.3[ I4.8.4[ 14.8.51 
from SXl 




Figure 1.4. Action of maps ipi on the admissible sequences for 

Remark 1.7.1. In ^ TOnl we mention a connection between some Howe-Huang projective 
invariants of quadruples |HH9 6]. the Grassmann-Cayley algebra jBBR.85] and admissible 
elements in V^. 

1.8. Inclusion of admissible elements in the modular lattice 

One can easily check, with definitions from Table 12. 3[ that 

fa ^ Ca, QaO C e„. (1.26) 

It is more difficult to prove the following theorem (see Theorem 12.13.11 ^2.131 Appendix 

Theorem. For every admissible sequence a and ai, where i = 1, 2, 3 from TaMe W^ we 
have 

eai^gao, i = l,2,3. 

A proof of the theorem is given in Appendix O This proof uses case by case consideration 
of admissible sequences a from Table 12.31 

^For definition of mod 0, see ()A.34|I from 3 A. 61 
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1.9. Examples of the admissible elements 

1.9.1. The lattice D^'^'^. Let n be the length of an admissible sequence a, let k and p 
be indices defined by Table 12 .HI 

For n = l : a = 1, (Table O Line 7, A; = 0). We have 

ei = yi, /i = a;iCei, = yi{y2 + y-i)- 

For n = 2 : a = 21, (Table ESI Line 9, k = 0,p = 0). Here, 

621 = y2al^ = y2{xi + t/s), ei2 = 1/1 (x2 + 1/3) ^ 5'io, (permutation (21) (12)). 
/21 = Z/2Z/3 ^ 621, 9210 = 621(0:2 + Al^) = y2{xi + y^){x2 + X3 + yi). 
For n = 3 : a = 321, (Table Line 10, A; = 0,j9 = 0). In this case: 
6321 = y'iA^iAf = ysiyi + X2){y2 + X3), 

6213 = 1/2(1/3 + a;i)(xi + X2) C 5(210, (permutation (321) (213)), 
/321 = 2:3^}^ = xsiyi +X2) C 6321, 

5-3210 = 6321(1/11/3 + a}^) = 1/3(1/1 + a;2)(l/2 + a;3)(a;i + 1/2 + 1/11/3)- 
For n = 4 : a = 1321, (Table |2IS1 Line 11, k = 0,p = ). Here, we have 
61321 = yial^af = yi{xi + y-i){x^ + 1/2(0:2 + 1/1)), 

63213 = 1/3(3:3 + l/2)(a;2 + yi{xi + 1/3)), (permutation (1321) (3213)). 
By the modular law ()A.3|) of D^'^'^ and since Xi C y^, we have 

l/i(a;i + 1/3) = a;i + 1/1I/3 and 

63213 = 1/3(2^3 + 1/2) (X2 + Xi + ?/i?/3) C 5(3210. 

Further, 

/i32i = yma^i = ymixi + y^) c 61321 

and 

513210 = 61321 (xi + afAf) = ei32i(xi + (X3 + 1/2) (1/3 + X2)) = 

yiiXi + 1/3)(X3 + y2ix2 + l/l))(Xi + (X3 + ?/2)(l/3 + X2)). 



1.9.2. The lattice D^. Admissible sequences and admissible elements are taken from 
Table Ol 

For n = l : a = 1, fTableOl Line Gil, r = 0, s = 0, t = 0). We have 
ci = ci (admissible element ci coincides with generator ci), 
fw = 61(62 + 63 + 64) C d. 

For n = 2 : a = 21, fTableOl Line G21, r = 0, s = 0, t = 1). We have 
621 =62(63 + 64), 

/210 =62(63 + 64) (64 + 63(61 + 62) + 61) = 

62(63 + 64)(64 + 62(61 + 63) + ei) = 

62(63 + 64)(e2(ei + 64) + 62(61 + 63)) C 621- 

For n = 3 : Consider two admissible sequences: a = 121 and a = 321 = 341. 
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1) a = 121, (Table 113 Line Gil, r = 0, s = 0, t = 1). We have 

ei2i =e\a^2 = ^1(63 + 64(61 + 62)) = 

61(63(61 + 62) + 64(61 + 62)), 
/1210 =ei2i(eiaf + af ) = 

ei2l(ei(62 + 63) + (62 + 64)(63 + 64)) = 

61(63 + 64(61 + 62))(6i(62 + 63) + (62 + 64)(63 + 64)) C 6121- 

2) a = 321 = 341, fTableOl Line ^31, t = 0, s = 0,r = 1). We have 

6321 = 6341 =63af a}^ = 63(62 + 6i)(64 + 61), 

r r /' 14 I 24 \ 

/32IO = /34IO =6321 1'^2 + ^3(^1 ) = 

6321(61 + 64(63 + 62) + 63(62 + 64)) = 

6321(61 + (63 + 62) (64 + 62) (63 + 64)) = 

63(62 + 6i)(64 + 6i)(6i + (63 + 62)(64 + 62)(63 + 64)) C 6321. 

For n = 4 : a = 2341 = 2321 = 2141, fTahle R31 Line F21, s = 0, t = 1, r = 1). We 
have 

62141 =e2afaf^ = 62(64 + 61(63 + 62))(63 + 64), 

/214IO =621411^^2 +6102 ) = 

62141(62(64 + 61(63 + 62)) + 61(62 + 64(61 + 63))) C 621. 

1.10. Cumulative polynomials 

The cumulative polynomials Xt{n), yt{n), where t = 1,2, 3, and X()(n) (all of length n) are 
sums of all admissible elements of the same length n, where n is the length of the multi-index. 
In other words, cumulative polynomials are as follows 

Xt{n) = fi„...i2t, ^ = 1; 2, 3, 

yt{n) = ^e,„,„i2t, t= 1,2,3, 

From p.2(i|l and Theorem 12 . 1 3 . II we deduce that: 

Xtin) C yt{n) C Xo{n), t = 1,2, 3. 
The cumulative polynomials satisfy the same inclusions as the corresponding generators in 

£)2,2,2 

1.11. Examples of the cumulative polynomials 

For n = 1 : 

Xi{l) = fi= Xi, 

yi{l) = 61 = vi, 
xo(l) = go = I. 

i.e., the cumulative polynomials for n = 1 coincide with the generators of D^'"^'^. 
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For n = 2 : By the modular law ()A.3j) and since y^lxi + 7/2) ^ Xi + ys, we have 
3^1(2) =/2i + /31 = y2y3, if 21 = /31 = 2/22/3), 

2/1(2) =621 + 631 = 2/2(2:1 + 2/3) + ysixi + 2/2) = 

(a;i + 2/3)(2/2 + 2/3(a;i + 2/2)) = (a^i + 2/3)(2/2 + 2/3)(a;i + 2/2), 
a;o(2) =6-10 + 6-20 + 6-30 = 2/1(2/2 + 2/3) + 2/2(2/1 + 2/3) + 2/3(2/2 + 2/3) = 
(2/2 + 2/3) (2/1 +2/3) (2/1 + 2/2)- 
For n = 3 : (see Fig. II. 3^ 

a;i(3) = /321 + /121 + /231, 

2/1(3) = 6321 + ei2l + 6231- 

From Table (Line 8, k = 0) /121 = yi{x2 + X3) and by §1.9. H it follows that 

xi(3) = X3{yi + X2) + yi{x2 + X3) + ^2(2/1 + xa) = (x2 + X3)(?/i + X2){yi + X3). 
Again, from Table l273l (Line 8, k = 0) eui = yi{x2 + 2/3)(2/2 + 2:3) and by §1.9.11 we have 
2/1(3) = ys{yi + X2)(2/2 + 2:3) + 2/1(2:2 + 2/3)(2/2 + x^) + 7/2(2/1 + X3)iy3 + X2). 

Finally, 

2^0(3) =fi'210 + 9310 + 9320 + 9l20 + ^7230 + 5'130 = 

^Viixj + yk)iyj + Xi + Xfc), 
where the sum runs over all permutations {i,j, k} of {1, 2, 3}. 

1.12. The sublattice H^{n) of the perfect elements 

The perfect elements (see §A.6j) are constructed in the following way: 

For n = 0: 

«i(o) = yj + yk, 

bi{0) = Xi + yj + yk, 

Cl(0) = C2(0)=C3(0)=^y,. ^^2^^ 

For n > 1: 

ai{n) = Xj{n) + Xk{n) + yj{n + 1) + yk{n + 1), 

bi{n) = ai{n) + Xi{n + 1) = Xj{n) + Xk{n) + Xi{n + 1) + yj{n + 1) + yk{n + 1), 
Ci{n) = ai{n) + yi{n + 1) = Xj{n) + Xk{n) + ?/i(n + 1) + yj{n + 1) + 2/fe(?^ + !)• 

Proposition (see Proposition 12. 13!3| §2.12|) . If Zt{n) is one of the cumulative polynomials 
Xtiji), ytiji), where t = 1, 2, 3, or xq, then 

^i^+p{zt{n)) = p{zt{n + 1)). 

i = 1,2,3 

We will also show fProposition l2.10~T|) that the property of element z to be perfect follows 
from the same property of element u if 

Vi^+p{z) = p{u). 

i = 1,2,3 
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Figure 1.5. The 64-element distributive lattice H'^{n) of perfect elements. 
Two generator systems: {oj C 6^ C a}, ^1.121 and {pi qi Sj}, 



The elements Zt{n) are not perfect, but perfect elements are expressed as sums of cumulative 
polynomials. 

Proposition (see Proposition 13.1.11 ^3.ip . The elements ai{n), bi{n), Ci{n) are perfect for 
all n. 

The elements aj(n) C hi{n) C Cj(n), where z = 1, 2, 3, generate the 64-element distributive 
sublattice H'^{n) of perfect elements for n > 1 (see Fig. I1.5|l and the 27-element distributive 
sublattice H^{n) of perfect elements for n = 0. The sublattice H^{Q) contains only 27 
elements because ci(0) = C2(0) = 03(0). 

1.13. The union of sublattices H'^{n) 

1.13.1. Perfect cubes in the free modular lattice D'^ . In |GP74j . Gelfand and 
Ponomarev constructed the sublattice B of perfect elements for the free modular lattice 
with r generators: 

00 00 
5 = 5+|JS+, where = y 5+(n), 5" = |J 5~(n). 

n=l n=l 

They proved that every sublattice B^{n) (resp. B^{n)) is 2^-element Boolean algebra, so- 
called Boolean cube (which can be also named perfect Boolean cube) and these cubes are 
ordered in the following way. Every element of the cube B^{n) is included in every element 
of the cube B^in + 1), i.e., 



t;+(n) G B^{n) 

v+{n + l) e B+{n + l] 

By analogy, the dual relation holds: 

v^{n) G B^{n) 
v~(n+ 1) G B-(n + 1] 



V in + 1) C V in). 



V (n) C t> [n + 1). 



1.13.2. Perfect sublattices in the lattice D^'^'^. Let us return to the lattice D^'^'^. 

00 

Consider the modular lattice generated by the union |J H~^{n) and the modular lattice 



n=0 



H generated by the union |J H (n), where H (n) is the dual modular lattice for H^iji). 



n=0 



The union |J H^{n) is not organized as simple as |J B~^{n) in the case of D^. Denote by 

n=0 n=0 
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Un the lower 8-element cube of H^{n) and by Vn+i the upper 8-element cube of H^{n + 1), 
see Fig. 11.71 

Proposition (see Proposition The union Un\jVn+i is the 16-element 

Boolean algebra. 

It is necessary to draw 8 additional edges in the places where H^{n) joins H^{n + 1). 

oo 

Theorem (see Theorem 13.10.21 ^3.10|) . The union [J H~^{n) is a distributive lattice 

n=Q 

mod 6. The diagram is obtained by uniting the diagrams H'^{n) and joining the cubes 
Un and Vn+i for all n >Q, i.e., it is necessary to draw 8 additional edges for all n > 0, see 
Fig. \T1\ 

Denote by the lattice dual to the lattice . 

Remark 1.13.1. For a comparison between sublattices of the perfect elements 

compare the Hasse diagrams of and B'^ on Fig. 11.61 From Fig. 11.61 we see that the 
perfect sublattice B^ can be injectively mapped (imbedded) into the perfect sublattice 
mod 6. Indeed, 

pi{n) +P2{n) +P3{n) = bi{n)b2{n)b3{n) C Ci{n)c2{n)c3{n), 
see ^3.51 Proposition 13.5.11 Table IT^TTl 

Conjecture 1.13.2. The lattice [j H~ contains all perfect elements of D2,2,2 q 




Figure 1.6. Comparison between perfect sublattices in Z)^ and D^-^-s 
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Figure 1.7. The 16-element Boolean algebra UnX^Vn+x 



CHAPTER 2 



Elementary maps Lpi and atomic, admissible, cumulative 

polynomials 

2.1. Construction of the Coxeter functor by means of the lattice operations 

Following Gelfand and Ponomarev |GP74|. IGP76j we construct the representation $+p 
by means of the lattice operations. Our construction is different from the classic definition 
of the Coxeter functor of Bernstein- Gelfand- Ponomarev |BGP73] . 

The representation $"^p is constructed in the space 

^0 = {(^1' ^2, ^3) I Tli e Yi, ^Vi = 0}, 
where i runs over the set {1, 2, 3}. Set 

R= ^ Y,, 

i = 1,2,3 

i.e., 

R = {{'ni^V2,ri^) \rii ^Yi, i = 1,2,3}. 

Then we see that Xq C R. Hereafter r]i denotes a vector from the space Yi and denotes a 
vector from the space Xi. 

Introduce the spaces Gj, Hi, G^, C i?, where i = 1,2, 3: 



(2.1: 



Now, let 

Yl = G'X, (2.2) 

= H^Xl, (2.3) 

pi = $+p = [Xl C F.i C X] I z = 1, 2, 3]. (2.4) 
This construction of the Coxeter functor is well-defined as follows from ^A.8I 



Gi 


= {(^1,0,0) 1 


rii e Fi}, 






Hi 


= {(6,0,0) 1 


6 G ^1}, 


G2 


= {(0,r72,0) 1 


V2 e Y2}, 






H2 


= {(0,6,0) 1 


6 e X2}, 


^3 


= {(0,0,7/3) 1 








H3 


= {(0,0,6) 1 


6 e X3}, 




= {(6,^2,^/3) 


1 ^1 e Xl, 




eYi}, 


H[ 


= {(0,7/2,773) 


1 e Yi}, 


g; 


= {(^1,6,^3) 


1 6 e X2, 


Vi 


eY,}, 


H'2 


= {(^1,0,773) 


1 e Fi}, 


= {(^l,^?2,6) 


1 6 e ^3, 


Vi 


eYi}, 




= {(^1,^3,0) 


1 Vi e Fi}. 



2.2. The associated representations z/°,i/i 
With representations p and p^ we associate the following representations z/", in i?: 

z/°(y,)=Xoi + G„ i.°(x,)=Xi + /7„ 7 = 1,2,3, (2.5) 
u\yi)=X',G\, u\xi)=XlH[, 7 = 1,2,3. (2.6) 
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Let : Xq — > R be an inclusion. Then 

zyi(a) = ^pi(a) for every a G Z^^'^'^ (2.7) 
Let V : R — > Xq be a projection, V : (r^i, r/2, 1]-^) — ^ Sr^j. Then ker V = Xq. 
Lemma 2.2.1. For every a G D^'^'^ and for every subspace B (1 R, we have 

V{v%a)B) = V(z/°(a))V(5). (2.8) 

Proof. The inclusion 

V(z/°(a)S) C V(z/°(a))V(5) 

is clear, because v^{a)B C z/*^(a) and v^{a)B C Conversely, let z G V(z/''(a))V(-B), then 
there exist vectors 

u G z/°(a) ixndv eB such that V(m) = V{v). (2.9) 

According to ()2.5|1 

u\a) =Xl + A 
for some subspace A C i?. From ()2.9|) . we have 

V — u = w E ker V = Xq, i.e., 

V = u + w E Xg + A = z/°(a), and hence v G h'^{a)B. 
Thus, 2 = V(t;) G V(z/°(a)5) and (EH) is proved. □ 

From ()2.8|) it follows that the map V : R — > R/^o gives a representation by the formula 

V(z/°(a)). 

We have 

V(z/°(y,)) = VG, = = p{y,), z = 1, 2, 3, (2.10) 
V(z/°(a;,;)) = Vi/i =X, = p(xi), 2 = 1,2,3, (2.11) 

V(z/°(a)) = p(a) for every a G D^'^'l (2.12) 

2.3. The elementary maps cpi 
Following |GP74j . we introduce the linear maps 

(pi : Xq — ^ Xo, ir]i,r]2, r^s) i — ^ 7]^. 
Let TTj be a projection R on Gi. Then 

<^i = V7ri/i. (2.13) 

It follows from the definition that 

(pi + ^2 + ^3 = 0. (2.14) 
From ()2.14p we immediately deduce that 

ipiB + (fi2B = ipiB + ifi^B = ipiB + ip2B (2.15) 
for every subspace B C Xg. 
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2.4. Basic relations for the maps and 

We introduce the maps ilji: Z)^'^'^ — > '^{R) useful in the study of maps ipi. Set 

ij,{a) = + G,{H[ + u\a)). (2.16) 
The map ipi is said to be a joint map. 

Proposition 2.4.1. The joint maps ipi satisfy the following basic relations: 

(1) i;,{xi) = XI, 

(2) ilJi{xj) = ^kixj) = u^iyiVk), 

(3) il^iiVi) = iy^{xi{yj + yk)), 

(4) AiVj) = J^^iViixj + yk)), 

(5) ^Pi{I) = u%y,{yj + yk)), 

(6) ^iiyjyk) = i^^iyiixj + Xk)). 

Proof 1) From and (j2J6|l . we have ^i(xi) = X(J + GiH-. Since GiiZ- = 0, we have 

2) From ^ and (ITTI)!) . we have tpi{xj) = X^ + Gi{H'- + XlH'-). Since H'- = G, + Gk 
(where i,j,k are distinct), it follows that 

^,(x,) = + G,{G, + Gk + X',{G, + Gfe)). 

By the permutation property ()A.4|) 

^,(x,) = + G,(Xi + {G, + Gk){G^ + Gk)) = X^ + G^{X^ + Gk + G,{G, + G^)). 

Since Gj{Gi + Gk) = 0, it follows that 

^,(x,) = Xi + G,{X', + Gk) = (Xi + G,)(Xi + Gk) = v\y^yk). 

3) As above, ijjiiyi) = Xq + Gi{H[ + XqG-). Since if,' C G^, and by the modular law 
we have ^/'i(?/i) = X^ + GiG'i{H[ + X^). Since G^G^ = ff^ and H'^ = G, + Gk (where 

2, j, /c are distinct), we have 

V'.d/,) = Xl + /i;(G, + Gfc + XqI) = {Xl + i/OlG, + Gfe + X^) = u\x,{y, + y^)). 

4) Again, ipiiyj) = Xq + Gi{Hl + XqG'j) . From G, C G^- for i j and by the permutation 
property ()A.4|) . we have 

Uyj) = x'Q+GmG', + x'Q). 

Since H'^Gj = Hj + Gk, we have 

iP,{y,) = Xl + G,(Xi + if, + Gk) = (Xl + G,)(Xi + H, + G,) = u\y,{x, + yk)). 

5) Similarly, 

ij^il) = XqI + G,(i/; + XqI) = xl + G,(G, + Gfc + XqI) = 
(Xl + G,)(G, + Gfc + XqI) = u\y,{y, + yk)). 

6) As above, 

Uy.yk) = Xl + G.{H: + X1g;.G;). 
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From G'jG'f^ = Hj + Hk + Gi and by the permutation ()A.4|1 . we have 

i,,{y,yk) = Xl + Gi{{G, + G,)(if, +Hk + G,) + Xl) = 
xl + Gi{Hj + Hk + GiiGj + Gk) + xl). 

The intersection vanishes: Gi{Gj + Gk) = 0, and hence 

il)i (y^yk) = Xl + Gi (Hj + Hk + Xl) = z/° (yi (xj + Xk)). □ 

Remark 2.4.2 (The lattice description of the projection, |GP74 ). If n: R — > R is a 
projection, and A is a subspace of R, then 

ttA = lmTT{kenr + A). (2.17) 

Indeed, 

V G Im7r(ker TT + A) =^ v = ttv E 7r(ker7r + A), i.e., v G tiA. 

Conversely, 

V G nA =^ V G Imvr, besides v = ttv =^ nv G nA =^ v G ker tt + A. □ 

Proposition 2.4.3 (A relation between the ipi and ipi)- The following properties establish 
a relation between the ipi and ipi: 

(1) Let a,bC D^'^'^. If ipiia) = v^{b), then (/?i$+p(a) = p{b). 

(2) Let c C ^2,2,2^ Wi)i{c) = y5i$+p(c). 

(3) Let a,b,c Z)^'^'^. If ipi{a) = u^ib) and ipi{ac) = ipi{a)ilJi{c) , then 

^i^^piac) = (^i$+p(a)v9.$+p(c). (2.18) 



Proof. (1) From ()2.13j) we deduce that (pi^'^p{a) = V'KiP^^ p{a). By (|T7j) . we have 
(/)j$"'"p(a) = V7rjZ/-^(a). By ()2.17j) for ImvTj = Gi and kervTj = ifj, we have 

Tiy{a) = Gi{H[ + p\a)), 

and 

V7r,z/i(a) = V{G:XH[ + z/i(a))) = V{Xl + G,(ii; + //^(a))) = V(^,(a)) = V(i/°(6)). 
From (ITT^ V(^/'i(a) = p(6). 

(2) By definition (j2.1(ij) of ipi., we have 

ViP^{c) = V{Xl + G,{Hi' + z/i(c))). 

Since Xl C kerV, we have Vipi{c) = V{Gi{Hi + z^"'^(c)). By lattice description of the 
projection (pTfjl . we have V?/'i(c) = V(7riZ/i(c)). By (j2II|) VV'i(c) = V(7rip<l>+p(c)). Finally, 
by definition ()2.13j) of ipi, we have Vipi{c) = (pi^^p{c). 

(3) By the hypothesis ipi{ac) = u'^ {a)ipi{c) . By Lemma 12.2.11 and eg. ()2.8|1 . we have 

Vipiiac) = ViJi{a)Vipi{c). 

The proof follows from (2). □ 



From Propositions 12.4. If 12.4.31 we have 

Corollary 2.4.4. For the elementary map ipi, the following basic relations hold: 
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(1) ^i^+p{Xi) = 0, 

(2) (pi^+p{xj) = (pk^+p{xj) = piviVk), 

(3) (pi^+p{yi) = p{xi{yj + Vk)), 

(4) i^i^+p{yj) = p{yi{xj + Vk)), 

(5) <^i$+p(/) = p{yi{yj+yk)), 

(6) ipi^+piyjyk) = piyiixj + Xk)). 

Proof. It is necessary to explain only (1). Since the ith coordinate in the space Hi is 0, 
it follows that 

(/?,$+p(x,) = V7r,/i$+p(x,) = V-K^ix^) = V7T,{X^H-) = 0. □ 
2.5. Additivity and multiplicativity of the joint maps ipi 

Proposition 2.5.1. The map ipi is additive and quasimultiplicative^ with respect to the 
lattice operations + and fl. The following relations hold for every a,b & D^'"^'^: 

(1) ^i{a) + tfjiib) = tpiia + b), 

(2) ipi{a)iJi{b) = iJi{{a + Xi){b + XjXk)), 

(3) = i^i{a{b + Xi + XjXk)). 

Proof. 1) By the modular law ()A.3|) 

^,{a) + iJiib) = + G,{H[ + u\a)) + G,{H[ + u\b)) = 

Xl + Gi {H[ + v\a) + Gi{H[ + v\b))) = Xl + {{H[ + v\b)){H[ + G{) + v\a)) . 
Since iJ- + Gi = R, it follows that 

^,(a) + ^,{b) = X^ + G, {H[ + u\b) + u\a)) = X] + + u\b + a)). 

2) By definition ()2.6|) z/^(6) C Xq, and by the permutation property ()A.5|) we have 
Xl + + u\a)) = Xl + H[{G, + //^(a)). 

By the modular law ()A.3|) and by ()A.5|) we have 

V'i(a)?/'i(6) = 

{Xl + + z/i(a))) {Xl + + = 

xl + + u\a)) {Xl + + v\b))) . 

Further, 

^,(a)V^,(6) = Xl + G, {Xl{H[ + u\a)) + + //^(fe))) . 

Since 

Xl{H[ + z/i(a)) = XlH'i + z/i(a) and XlH[ = u\xi), 

we have 

U(^)Ub) = Xl + G, {u\x,) + u\a) + HUG, + u\b))) . (2.19) 
By the permutation property ()A.4j) and by ()2.19|1 we have 

Ma)Mb) = Xl + G, {H[ + {u\x,) + u\a)){G, + u\b))) . (2.20) 

^The map ipi is multiplicative if ipi{a)ipi{b) = Tpi{ab). We will say that tpi is quasimultiplicative if 
element ab in this relation is a little deformed, or more exactly, if ab is deformed to (a + Xi){b + XjXk) or to 
a{b + Xi + XjXk) as in (2) and (3) of ProDOsition l2.5.1l 
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Since 

Gi = H'-H'f^ and z^^(xj) + i'^{a) = u^{xi + a) = Xl{u^{xi + a)), 
it follows that 

Ua)^,{h) = Xl + {H[ + v\x, + a){XlH'^H'^ + v\h))) = 
Xl + Gi {H[ + z/i(xi + a){p\x,Xk) + = 

+ Gi [H[ + //^(xj + a)iJ^{xjXk + &)) = i)i{{a + a;i)(6 + XjXfc)). 
3) From ()2.19|) and since z/^(xj) = XqH^ C if^', we have 

^IJiia)^iib) = X^ + Gi {iy\a) + H',{Gi + p\h) + p\xi))) . (2.21) 
Again, by ()A.4|) we have 

^,(a)V^,(6) = + (i/; + i/^(a)(G, + u\h) + //^(x,))) = 
+ (ij; + z/i(a)(Xiij;iJ^ + u\b) + . 
Thus, = ipiia^b + + XjXk))- □ 

Corollary 2.5.2 (Atomic multiplicativity) . 1) Let one of the following inclusions hold: 

(i) Xi + XjXk C a, 

(ii) Xj + XjXk ^ 6, 

(iii) Xj C a, XjXfc C b, 

(iv) Xj C 6, XjXfc C a. 

r/ien ^/ie joint map ipi operates as a homomorphism on the elements a and b with respect to 
the lattice operations + and fl, i.e., 

iJi{a) + ipi{b) = tpi^a + b), il)i{a)il)i{b) = i)i{a)ilji{b). 

2) The joint map ipi applied to the following atomic elements is the intersection preserving 
map, i.e., multiplicative with respect to the operation fl.' 

iPiiba^l) = iPi{b)iPiia'^) for every b C ^2,2,2^ ^2.22) 
^,(6<^) = iPj{b)iP,{a^) for every b C ^2,2,2^ ^2.23) 

iPiibA"^) = A{b)1P^{A'^) for every b C d2,2,2_ ^2.24) 

3) The element Xi can be inserted in any additive expression under the action of the joint 
map Ipi: 

ip-(b + Xi) = ipi{b) for every b C D^'^'^. (2.25) 
Proof. 1) Follows from Proposition 12 . 5 . ll 

2) Let us consider a^. For n > 2, we have 

— ~^ VjCln-i = Xi -\- VjiXj + ykO'n~2) — ~^ + yjykO"n-2i 

thus ^ Xi + Xj. Now, we consider atomic element A^. For n > 2, we have 

■^n — Vi ~^ XjA.^_-^ = Vi -\- Xj{yk + XiA^^_2) ^ Xj + XjXk- 

For n = 1, the relation is proved directly. 

3) Follows from Corollarv I2.4.4[ (1) since we have 

ilji{b + Xi) = ijji{b) + ipi{xi) and ipi{xi) = Xq C ipi{b) 
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for every b G D^'^'^. □ 

2.6. Basic properties of atomic elements and 

The atomic elements are defined in §1.51 These polynomials are building bricks in the 
further constructions. 
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= Z/i + ^jC'^n-l 
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1 1 -1 1 ■ A — 1 1 - i 1 .n^^ 

yiyj^n — yiyj'^n 


4 9 




5.1 


a^^a^ = A^a^ for n < m + 1 


5.2 




6.1 




6.2 


Mir^jk — n,.r,3k _|_ „ Aki 


7.1 


yi{xj + Xk) + yiyja]^_2 = Vial^ 


7.2 




8.1 


Xiivj + yk) + yiyjA'^^_i = 


8.2 


yj{yi + yk)Ai^ 



Table 2.1. The basic properties of atomic elements and in D^'^'^ 



The basic properties of atomic elements are given in Table ITTl These properties, which 
will be used in further considerations. For convenience, we also give definition of a^ , 
in relations (1.1)-(1.2) of Table ITTl Indices i,j,k in Table ITTl are distinct and {i,j,k} = 
{1,2,3}. Properties 3.1, 3.2, 4.1, 4.2, 5.1, 5.2 from Table ITTl mean that atomic elements 
and A{^ coincide for many lattice polynomials and can substitute one another in many cases. 

Proof of Properties 2.1-8.2 fTahle Wl\) . 

2.1) First, al_i = Xi + yjCt^^25 = + yjoi'n-i- By induction, if <x'J^_2 5 ct?n-i-, then 
^ ctn - For n = 1, we have = I ^ a*/. Further, 

«n =Xi + yjixj + ?/fca^!_2) = Xi + Xj + yjyka^n-2 ^Xi + Xj. □ 

2.2) Similarly, 

^n-l = 1/i + XjA^_2 ^ yi + XjA^_^ = y4^. □ 

3.1) By the induction hypothesis XjA^^_^ = Xjal^_^, then 

XkA^ = Xk{yi + XjAl'_^) = Xk{yi + Xja^^_^). 

By property 1.1 from Table ITTl we have a^^-i — ^k, thus by the permutation property (jA.4jl 
we deduce 

XkA^ = Xk{xj + yial^.i) = XkO^. □ 

3.2) By property 3.1 from Table ED we have = yi + XjA'^_^ = yi + Xja^^_^. □ 
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4.1) We have 

ViVja'^ = ViVjixi + Vkoli-i) = ViVjixi + Vki^k + %<_2)), 

i.e., 

yiyj^n = ViVjixi + Xk + ykyja'n-2))- (2-26) 

On the other hand, 

yiyj^n = yijiyk + = yiVjivk + Xiiyj + XkA'^_2)). 

Since A^_2 ^ Xi, we have by the permutation property ()A.4j) : 

yiyj^n = yiyjiyk + Xi{xk + yjA'^^^))- 

Further, since yjA^^_2 ^ yiyj, again, by ()A.4|) . we have 

yiyj^n = yiyji^i + ykixk + yjA'^_2)) = ViVjixi + xk + ykyjA'^_2). 

By the induction hypothesis 

yiyj^n = yiyji^i + Xk + ykyjan-2) 

and by p.26|) we have yiyjA^ = yiyja"^. □ 

4.2) By property 4.1 we have 

= yiixi + yjai^) = Xi + yiyjai^ = Xi + yiyjA^^ = yi{xi + yjA^^). □ 

5.1) By property 2.1 and ()A.4|) we have 

By property 3.1 a^a^ = {y, + XiA'J_,)ail: = J^a^- □ 

5.2) We have 

yi{xj + XfcX^ = yi{xj + Xk){xi + yja^^-i)- 
Since a?n-\ 5 a;^ + x^, it follows that 

yi{xj + Xk)a'l = yi{xj + Xk){yj + xia^^^^ = 
yi{xj + Xk){yj + XiA^^_^) = yi{xj + Xk)A^n- ^ 

6.1) Since yia^_^ C A^, it follows that 

A^ct = A\\{xk + y^L-^ = XkAl + y^i_^. □ 

6.2) Since x.jJ^^_^ C aH^, it follows that 

7.1) Since 

yi{xj + Xk) + yiyja'^-2 = yii^j + Xk + yiyja]^_2) = yi{xk + yjixj + yi^'la)), 
by definition (1.1, Table we have yi{xk + yj{xj + yian-2)) — yi'^^i ■ ^ 

7.2) As above, using the modular law ()A.3|) and the permutation property ()A.4|) we have 

yiyj + yi{xj + Xk)A^^_2 = yi{{xj + Xk)A^^_2 + yiyj) = 

yi{xk + XjA^'_2 + yiyj) = yi{xk + yjijji + XjA^^_2)) = yi{xk + yjA'^_^) = 

yi{yj + XkA'^_,)=yiAi'. □ 
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8.1) Since 

by property 4.1 we have 

Xi{yj + yk) + yiyjA^n~i = (yj + yk){xi + yiyjaiti) = 
yi {yj + yk){xi + yj ait i) = yi{yj + yk)ali . □ 

8.2) As above, 

yiyj + Xj {yi + 1/fc) = yj {yi + yk){yi + XjA^^_{) = yi{yj + yk)A'^ . □ 

2.7. Action of the maps ifji and Lpi on atomic elements 

Proposition 2.7.1 (Action of joint maps on atomic elements). The joint maps ipi applied 
to the atomic elements and {n > 1) satisfy the following relations: 

(1) </■.(<) = l'»(!/i-4j'), 

(2) ^-I'^f •! f"*;- 

(j^ {yj{yi + yk)A ) for n = i, 

(3) My.a}^) = v\ykA^:^,), 

(4) V^,(Ajf) = z/0(y,(|/,+|/fc)ajf), 

(5) %{ykA^i) = u\y,{xk + y^)a^::), 

(6) My,^) = ^'{yk<+i)- 

Remark 2.7.2. The joint map ipk increases the lower index n of the atomic element and 
swaps indices i and j in headings (3) and (6). The new atomic elements appear in this way. 

ij =^ ji, n =^ n + 1. 

In headings (1) and (2), the lower index n does not grow and the upper pair ij becomes 
kj. The first index of the pair is changed and the atomic elements "a" are transformed to 
atomic elements "A": 

ij =^ kj, A. 

In headings (4) and (5), the lower index n does not grow and the upper pair ij becomes ik. 
The second index of the pair is changed and the atomic elements "A" are transformed to 
atomic elements "a": 

ij =^ ik, A =^ a. 

Map ipk transforms a =^ A in headings (1), (2), (3) and A =^ a in headings (4), (5), (6). 

Remark 2.7.3. It is not so interesting to consider ■iljj{Al^) because 

^,{Ali) = ijj{y, + XjA^^) = iP,{yi). 

By basic relations (Proposition 12.4. ijl ipj{yi) = i'^{yj{xi + yk))- 

For further moving of indices, see ^2. 1 11 - ^ 0!T^ devoted to the admissible elements. 
Proof Proposition \2. 1. i| uses a simultaneous induction on (l)-(6). For convenience, with- 
out loss of generality, we let i = 1, j = 2. 

1) For n = 1, by Proposition 12.4. l1 we have 

^i(a}2) = ^i(a;i + 2/2) = ^1(2/2) = v''{y^{x2 + 2/3)) = v''{y^Af). 
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For n > 2, by Corollary 12.4.41 we have 

Man) = M^i + z/2«'li) = My2af_,). 

Since 

y2af_l = y2{x2 + =X2+ l/2l/3n-2 

and a^n-2 ^ 2:1, we see by multiplicativity (Corollary I2.5.2|l that 
By basic relations (Proposition I2.4.T|) 

i^Mn) = ^^ivm) + i'^{yi{x2 + x3))iJi{all^). 

By the induction hypothesis from (2) we have ^/'i(a.^^2) = 

^^1(0^2) = z/0(2/i2/3 + yi{x2 + X3)Al^_^). 
By property 7.2 from Table ITT] we have 

2) For = 1, we have 

i>2ia\^) = il>2ixi) + ip2{y2) = i^°iy2y3 + X2{yi + 1/3)) = 
i^°(i/2(yi + i/3)(i/3 + X2)) = i^%y2iyi + y3)Af). 

For n > 2, we have ip2{a}n) = ''p2{xi) + ip2{y2(ifj^^i) ■ By the multiplicativity property (Corol- 
lary I2ISI21) we have 

M^n) = ^°iy2y3) + My2)M(^n-i)- 

By the induction hypothesis, from (1) we have '?/'2(a^'Li) = '^°(y2^n'Li) and 

^2(0^^) = My2y3 + X2{yi + ?/3^i-i))- 

Since Alj^_^ ^ l/i + Z/s, we see that 

= ^°(y22/3 + X2AII,) = iy\y2{ys + X2A\l,)) = iy\y2Af). □ 

3) We have 

^3(?/ian^) = -ipsiyiixi + y2af-i)) = -ipsixi + yiy2af_^). 
Further, by multiplicativity f Corollary 12. 5. 2|) we have 

-^siyial^) = -ipsixi) + V^3(l/iZ/2)V^3(a^-i)- 
From basic relations (Proposition l2.4.T|l it follows that 

^3(?/ian^) = I^°(l/3l/2) + ly^iysixi + X2))V^3(a^il)- 

By induction, from (2) tp^^yia}^) = i'^{y3y2 + ysixi + X2)Al^_^). Again, from Table 12. 
property 7.2 we have ips^yia}^) = //^(ysA,^^]^). In this case ipk increases the lower index of 
the atomic element a^. □ 

4) As above, 

M^n) = Myi + X2AI\) = Myi) + Mx2All^). 

From Table property 3.1 we have 

i^Mn) = Myi) + Mx2alj'_i) = Myi) + Mx2)M(^n-i)- 

By basic relations (Proposition 12. 4.1]) and by induction hypothesis, from (1) we have 

M^n) = ^\xi{y2 + 2/3) + yiyzA^n-i)- 
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5) Again, ip2{iizA^) = V^2(l/3(z/i+a^2^^-i))- Since C A^l^^, we have by the permutation 
property ()A.4|) : 



because ■?/'2(yiA^ii) = v^{y2a}^). □ 
6) We have 

i^2{yiAf) = Myiiy3 + xiAlti)) = Mvm + xiaf_^) = i)2{yiy-i) + ^/'2(a;i)^2(a^ii)- 

By the induction hypothesis, from (2) it follows that 



Finally, from Table l^?Tl property 7.1 %lj2{yi^) = ^^{y20^+i)- In this case ijjk increases the 
lower index of the atomic element A^ . □ 

From Propositions ()2.4.3|) and ()2.7.1|) we have 

Corollary 2.7.4 (Action of the elementary maps). The elementary maps (fi applied to 
the atomic elements a]{ and A^J {n > 1) satisfy the following relations: 



By ^rm - ^riF^ and Corollarv I^X^ we have 

My^Al^) = My3){Mx2) + Myi^f-i)) = My3)MyiA: 

By the induction hypothesis, from (6) it follows that 

MysAl') = Ay2{xs + yi)al')) 




V {y2{xi + X3) + ?/2y3^„_l)- 



{y2{xi +X3) +?/2Z/3a„_l)- 



(1) v>^^^p{ali) = p{y,At^) 




for n > 1, 
for n = 1, 



(3) (pfc$+p(y,<^) = p(y,A^„Vi), 

(4) ^,<|.+p(Ajf)=p(y,(y,+y,)ajf), 

(5) ifj<l>+p{ykA^) = p{yj{xk + ) 

(6) ^,$+p(i/,<^)=p(y,a^Vi)- 



2.8. homomorphic theorem 



Theorem 2.8.1. 1) The polynomials a^^ are (fi— and (fj — homomorphic. 

2) The polynomials are ifi—homomorphic. 

3) The polynomials A^^ are (ifj,yk)—homomorphic. 
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Proof. 1),2) Follow from multiplicativity ()2.22j) - ()2.24j) . Proposition l2.7.l1 and Proposition 

□ 

3) For convenience, without loss of generality, we let i = 1, j' = 2, /c = 3. We need to 
prove that 

^2^+p{A^^p) = ip2<^+piy3Al^)ip2^+p{p) for every p C y^. (2.27) 

Since ip2(yAl^p) = i^2{{yi + X2A^-i)p) and p ^ y^, ^ ^n-i; have by the permutation 
property ()A.4|) : 

i^2{A^nP) = Mix2 + yiAf^i)p) = + yiAil^)ij2{p). 
The element X2 can be dropped according to ()2.25|) . and hence, 

MAl^p) = MyiAf_,)Mp)- 

By property (6) from Proposition I2.7.1] we have 

MAi'p) = u\y2alf)Mp)- (2.28) 

Since y2a}^ = ^2( 1/1 + ysWn, we have z/°(?/2a^\,) = v^{y2{yi + y'i))i^^{af) and by (5) fro m 
Proposition 12.4.11 we have v^{y2a}n) = i'2{.I)^^ {0}^) ■ Further, iIj2{.I) 5 V'2(p) and ()2.28p is 
equivalent to 

UA'^P) = i^\a'^)Up)- (2.29) 

We have ip2{p) ^ ^2(2/3) together with p C 2/3, and therefore iIj2{p) = ^2(p)V'2(2/3). From 
()2.29|1 and Proposition 12.4. ll we have 

MAi'p) = u%ai')Mp)My3) = 

u'ial^)Mpyiy2ix^ + ys)) = u\y2ix, + y3)al^)Mp)- 

By (5) from Proposition 12. 7. II ibo (A^^p) = ilj2{y3Al^)ip2{p) ■ Applying projection V from ^2.21 
we get 

vMAl'p) = vMy3Al')VMp) (2.30) 

because ilj2{y3Al^) = i'^{y2{xi +^3)0^^), see Lemma 1!^. 2. H relation ()2.8j) . 

By Proposition 12.4.31 \/tbAc) = (pi^~^p{c) for every c C L)2,2,2^ ^^ms we get ()2.27j) . and 
therefore heading (3) of the y?— homomorphic Theorem 12.8. II is proven. □ 

The final proposition of this section shows when the lower indices of atomic elements are 
increased by action some elementary mappings (pi: 

Corollary 2.8.2. The index growth takes place in the following cases: 

(1) y.fc$+p(y,ajf) = p(yfcA^Vi)/ 

(2) cpk^+piy,a^)=piy,a^^,). 

2.9. The perfectness of yi + yj 

To prove the perfectness of the element yi +1/2, two simple lemmas are necessary. 

Lemma 2.9.1. Let A, B ^ X, A, B be suhspaces in the finite- dimensional vector space X. 
There exists a suhspace C ^ B, such that 

C + AB = B andCA = 0. (2.31) 

Indeed, take any direct complement C of AB, i.e., C © AB = B. If G CA is non-zero, 
then V G CA C BA and the sum C + AB is not direct. □ 



2.9. THE PERFECTNESS OF y, + yj 43 

Lemma 2.9.2. IfU,V,W CX and {U + V)W = 0, then 

U{V + W) = UV and V{U + W) = UV. (2.32) 

Indeed, 

U{V + W) C {U + V){V + W) = {U + V)W + v = v, 
i.e., U{V + W) C UV. The inverse inclusion is obvious. Similarly, 

V{U + W) C {U + V){U + W) = U + W{U + V) = U, 
i.e., V{U + W) C UV and the inverse inclusion is obvious. □ 

Proposition 2.9.3. 1) The element yi + yj where i ^ j, is perfect in Z}2,2,2 ^ 

2) If p{yi + yj) = for some indecomposable representation p, where i ^ j, then p is one 
from the seven projective representations (Table 1X7]) . 

Proof. 1) Consider yi + ?/2- Let B = X^, A = Yi + Y2 in ()2.3H) . then there exists a 
subspace C C X3 such that 

C + X,{Y^ + Y2)=X,, C{Y, + Y2) = 0. (2.33) 

Therefore Y3 D C + ^3(^1 + Y2). Again use (jT!?T| with 

B = Y3,A = C + Y,{Y,+Y2). 

Then, there exists a subspace D CY3 such that 

D + C + Y^iY^ + Y2) = F3, D[C + Y,{Y, + Y^)] = 0. (2.34) 

Using (irra with U = ^3(^1 + Y2), V = C andW = D,we obtain from TIT^ and dOl: 

U{V + W) = Y,{Y^ + r2)(C + D) = CY^iY^ + ^2). 

By ^n^i we have y3(yi+F2)(C+L') = 0. Since D+C C F3, we see that (ri+F2)('^+^) = 0. 
Therefore, D + C and Yi + Y2 form a direct sum. We complement this sum to Xq: 

(D + C)® (Fi + Y2)®F = Xq. (2.35) 

We will show that the decomposition ()2.35|) forms a decomposition of the representation p 
in Xo. 
First, 

Z = Z{Yi + Y2) + Z{D + C + F) for Z = Yi, Y2, Xi, X2 (2.36) 
because 2' C + F2 and the sum ()2.35|1 is direct. By ()2.33|) we have 

X3 C X,{Y, + F2) + XsiD + C + F) C X3, 

i.e., 

X3 = X3(ri + Y2) + X,{D + C + F). (2.37) 
Similarly, by ()2.34|) we have 

Ys C 1^3(^1 + Y2) + Ys{D + C + F) C F3, 

i.e., 

Ys = Y^{Y^ + Y2) + YsiD + C + F). (2.38) 
So, by ()2.36|) - ()2.38|) Yi + Y2 and D + C + F form a decomposition of the representation p. 
Since p(?/i + 1/2) = + >2, we have either p{yi + ^2) = Xq or p{yi + 7/2) = 0, i.e., yi + y2 is 
a perfect element. □ 

2) If p(?/i + 1/2) = 0, then Yi = Xi = 12 = X2 = and p is one of Pxo: Pys: Px^, see Table 

roi □ 
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Corollary 2.9.4. The elements yi + y2 + and yi+ y2 + ys are perfect. 

Proof. Let 1^1 + ^2 = ^o- Then Yi + Y2 + = Xq. If + Y2 = 0, then, in the 
indecomposable representation p : Z}^'^'^ — > C{Xq), we have Xq = Y^ = X3. The same for 
the element yi + 1/2 + Us- 

If p{yi + 7/2) = 0, then Yi = Xi = Y2 = X2 = and p is one of p^^, Py.^, px-^, see Table 

EH □ 

2.10. The elementary map ipi: a way to construct new perfect elements 

In this section we list three fundamental properties of the elementary map ipi. Proposition 
12.10. II gives a way to construct new j)er/eci elements from already existing ones. Proposition 
I2.10.2l motivates the construction of admissible sequences and admissible elements. 

Proposition 2.10.1. Let z be a perfect element in D^'^'^ and, for every indecomposable 
representation p, let 

ipi^^p{z) + ipj^^p{z) = p{u), where i ^ j. (2.39) 
Then u is also the perfect element. 

Proof. If $+p(2;) = 0, then p{u) = 0. If ^^p{z) = Xq, then by Corollarv 12.4.41 we have 

p{u) = i^iXl + i^jX] = + (/^,<I' + p(/) = 

Y,{Y, + Yk) + Y,{Y, + Yk) = (F. + Y,){Y, + Yk){Y, + n) 
and by Proposition 12.9.31 the element u is also perfect. □ 

Proposition 2.10.2. For {i,i,k} = {1,2,3}, the following relations hold 

iPiiPjiPi + ipiipk^Pi = 0, (2.40) 



= 0. (2.41) 

Proof. For every vector v G Xq, by definition of ipi we have {ipi + ipj + (pk){v) = 0, see eq. 
()2.14|1 . In other words, (pi + (pj + (pk = 0. Therefore, 

ViVjVi + ViVk<-Pi = <^i{<^j + <^k)<-Pi = -'^1- 

So, it suffices to prove that iff = 0. For every z C D^'^'^, by headings (1),(3) and (5) of 
Corollarv 12.4.41 we have 

<y9i[($+p)(xi(y,- + yk))] C (^,[($+p)(a;i)] = ^i$+p(x,) = 0. □ 
Corollary 2.10.3. The relation 

ipi(Pj(pi{B) = ipiipk(pi{B) (2.42) 
takes place for every subspace B C Xq, where Xq is the representation space of ($^)^p. 
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2.11. List of the admissible sequences 

Recall that the admissible sequences are introduced in ^1.7[ Let us construct new admis- 
sible sequences acting by the elementary map ipi. 

Let the action of ipi on an admissible sequence a be defined so that 

(1) The index i is added in front of the sequence a = iii2 ■ ■ - in, i-e., 

iPi{iii2 ■ ■ ■ in) = nii2 ■ ■ ■ in- (2.43) 

(2) New sequence (pi{a) should also be an admissible sequence, in other words, i ^ i\. 
The rule i ^ i\ the definition of admissible sequence is motivated by the property 

yjj = — (v^j + v^fc), so that can be always replaced by + i^^. 

Proposition 2.11.1. The admissible sequence starting at ii = 1 may be transformed to 
one of the seven types given in Table column 1 (similarly for ii = 2 and ii = 3, see 
M.2S\) ). Here, n G {1, 2, 3, . . . }, m G {0, 1, 2, 3, ... }. In case 7, n > 0. In cases 1 and 4, 
m > 0. 

For m = cases 1 and 4 are not given in the table: in case 1 (resp. case 4), action (pi 
transforms (21)" to 1(21)" (resp. (31)" to 1(31)";. 





Admissible 


Action 


Action 


Action 




Sequence 


Vi 






1 


(213)"'(21)" 


13(213)"'-^(21)"+i 




3(213)"^(21)" 


2 


3(213)™(21)" 


13(213)™(21)" 


(213)"(21)"+i 




3 


13(213)™(21)" 




(213)™+i(21)" 


3(213)"(21)"+i 


4 


(312)^(31)" 


12(312)"^-i(31)"+i 


2(312)"^(31)" 




5 


2(312)™(31)" 


12(312)™(31)" 




(312)™(31)"+^ 


6 


12(312)™(31)" 




2(312)^(31)"+^ 


(312)^+1(31)" 


7 


1(21)" = 1(31)" 




(21)"+i 


(31)"+i 



Table 2.2. For L)^'^'^: the admissible sequences starting at ii — 1 



Proof. It suffices to prove that every action of (pi on any admissible sequence from the 
list (Table 1221 column 1) gives us again an admissible sequence from the same list. 
Line 1, action ipi. Applying (pi to the sequence (213)"*(21)" we get 

1(213)"^(21)" = l(213)(213)"^-i(21)". 

Since 1213(2...) = 1321(2...), we see that 1(213)"^(21)" = 132[l(213)"'-i(21)"]. By the 
induction hypothesis 

l(213)"'-i(21)" = 13(213)"-2(21)"+\ 

so 

1(213)"'(21)" = 132[13(213)"^-2(21)"+i] = 13(213)™-i(21)"+S 

i.e., we get a sequence from Line 3. □ 

Line 1, action ip^. Applying ip^ to the sequence (213)™(21)" we just get a sequence from 
Line 2. □ 

Line 2, action (fi. Action ipi on the 3(213)"^(21)" leads to Line 3. □ 
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Line 2, action ip2- Applying ip2 to the sequence 3(213)™'(21)", we get 

23(213)"'(21)" = 23(213)(213)™~^(21)". 

Since 23213... = 21323..., we have 23(213)™(21)" = 213[23(213)"-H21)1- Again, by the 
induction hypothesis 

23(213)'"-^(21)" = (213)"-^(21)"+\ 

so 

23(213)"^(21)" = 213[(213)™-^(21)"+^] = (213)"^(21)"+\ 

i.e., a sequence from Line 1. □ 

Line 3, action ip2. Applying ip2 we immediately get Line 1. □ 
Line 3, action (p^. Apply (p^, to the sequence 13(213)'"(21)". Again, 

313(213)'"(21)" = 313(213)(213)™-^(21)" = 321[313(213)'"*^(21)'']. 

By the induction hypothesis 

313(213)™(21)" = 321[3(213)'"-^(21)"+^] = 3(213)™(21)"+\ □ 

Lines 4, 5, 6. Similarly as for Lines 1, 2, 3. □ 

Line 7 . Applying ip2 and ip^ we get Line 1 and Line 4 with m = 0, respectively: (21)"+^ 
and (31)"+^ □ 

2.12. The theorem on the admissible element classes 

The lattice polynomials indexed by admissible sequences are also said to be admissible. 
We define admissible elements fai^aiQao in Table ESI By definition qq = I. 

Theorem 2.12.1 (On classes of admissible elements). Let a = inin-i • • • 1 he an admis- 
sible sequence and i ^ in- Then ia is admissible and, for = fa, Cq,, gao from Table \2.!\ the 
following relation holds: 

^i^+p{z^)= p{zi^). (2.44) 
For the proof of Theorem 12.12.11 see Appendix El 

2.13. The inclusion theorem and the cumulative polynomials 

Theorem 2.13.1. For every admissible sequences a, ai, {i = 1,2,3) from Table \2.'A the 
following inclusion holds'^ 

Cm ^ 5(„o, i = 1,2,3. 

For the proof of Theorem 12.13.11 see §(11.31 
It is easy to check by the definitions from Table 12.31 that 

fa ^ Cq,, gaO — ^a- 

So, from Theorem 12. 13. 11 {Inclusion Theorem) and inclusions 12.451 we get 

fai ^ ^ai ^ 5'aO- 



(2.45) 
(2.46) 



Please do not confuse polynomials e^i considered here with polynomials 6^ considered, for example, 
in Theorem EHO 
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a 


fa 


6q, 


9a0 


1 


7 


yiy2afAf_^ 




e„(xi + af Af) 


2 


37 


yz{xi+X2)Afaf_-^ 


7;t^31 ^12/123 


ea(2/22/3 + ^^'afc') 


3 


137 


ymaf+iAf_i 




e„(x3 + a2^iA|i) 


4 


(213)7 


2/2(^3 + a;i)Aj^iaf_i 


„, „23 /131 „31 /II2 
|/2"fc_i^5+2"fc 


ea(yi2/2 + ^^+iaf) 


5 


3(213)7 


Z/2l/3ag+2^fc-l 


J 32 /1 21 21 
l/3^fc_iaq+2^fc 0,g+2 


ea{x2 + ag+2^F) 


6 


13(213)7 


/ , \ /I '^l 19 

yi{x2 + x^)A'^_^^alti 


12 /i 23 23 /t31 


/ , /1 9*? 1 9 \ 

ea{yiy3 + A^gX^al) 


7 


1(21)2'= 


xiAfaf 




ea{y2af + ysaf) 


8 


1(21)"^"+^ 


yi{x2 + X3)Ai'al' 


/1 31 12 /1 23 23 


/ 19 , 1 \ 

Caiyiaiii + yial:l-^) 


9 


/5 


yiyWqAf 


y2AfafAfaf_,, 


ea{x2 + afAll^) 


10 


3/3 






eaiym + Afall^) 


11 


13/3 


ymaf^^Af 


yiA^al^^^Af'a?^^2 


Caixi + a^'^^Al^^j) 


12 


(213)/? 


^2^g+2'^fe"^ 


7;„<i23/l31 ^31/112 


ea(l/2l/3 + All^all^) 


13 


3(213)/? 


32 A 21 

i/3i/ia^;2^r 


/t 13 32 a21 21 
Z/S^/fc '^q+2^k '^q+3 


( 1 21 a21 \ 

60(^X3 + ag+2^fc+iJ 


14 


13(213)/? 


^l^g+3'^fc^ 


„, „12/l23 ^23/131 


ea(l/il/2 + ^^+2af+i) 



Table 2.3. For D^'^'^: the admissible elements starting at zi = 1 



In Lines 1-6: 7 = (213)2^'(21)2*^, > 0, p > 0. In Lines 7-8: > 0. 

In Lines 9-14: {3 = (213)2P(21)2'=+\ A; > 0, p > 0. In all lines, q = k + 3p. 

Recall the definition of cumulative polynomials from ^l.lOl Cumulative polynomials of 
length n are constructed as sums of all admissible elements of the same length n, where n is 
the length of the multi-index: 

Xt{n) = fi„...i2t, t = 1, 2, 3, 
ytin) = ^ei„,„i2t, t = l,2,3, 

From ()2.4fi|l and Theorem 12.12. II the next inclusions take place: 
Corollary 2.13.2. 

xt{n) C yt{n) C xo{n), t = 1,2, 3. (2.47) 
Thus, cumulative polynomials satisfy the same inclusions as the corresponding generators 

in D2,2,2_ 
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Proposition 2.13.3 (On the cumulative polynomials). If Zt{n) is one of the cumulative 
polynomials Xt{n),yt{n)(t = 1,2,3) orxo{n), then 

J2 ^^^^piztin)) = p{zt{n + l)). (2.48) 

j = 1,2,3 

Proof. By Theorem 12.12.11 

ipi^^p{za) = p{zia) for every z^ = fa^e^^Qao- 

The latter relation is true only under the condition that ia is admissible, i.e., i ^ in for 
a = inin-i ■ ■ - ii- By (I2.15j) in the sum of ()2.48|1 we can always exclude one of the elementary 
maps ipi, ip2, v^s such that i ^ in- CH 



CHAPTER 3 



Perfect polynomials in D^'^'^ 

3.1. The chains ai(n) C bi{n) C Cj(n). Perfectness and distributivity of H^{n). 

Recall the definition of the elements ai{n) , bi{n) , Ci{n) . The perfect elements (see ^A.6|) 
are constructed in the following way, see Definition 11.271 from ^1.121 

For n = : 

ai(0) = Vj + Vk, 
bi{0) =Xi + Uj + Hk, 

Cl(0)=C2(0) = C3(0)=^y,. ^^^^ 

For n > 1 : 

ai{n) = Xj{n) + Xk{n) + yj{n + 1) + yk{n + 1), 

hi{n) = ai{n) + Xi{n + 1) = Xj{n) + Xk{n) + Xi{n + 1) + yj{n + 1) + ^^(ri + 1), 
Ci{n) = ai{n) + yi{n + 1) = Xj{n) + Xfc(n) + yi{n + 1) + ?/j(n + 1) + yk{n + 1). 

By definition we have 

a-iin) C C Ci{n). (3.2) 

The perfectness of the elements aj(0), 6i(0), q(0) is proved in Proposition l2.9.3l and Corollary 
12.9.41 The perfectness of the elements aj(l), 6,(1), Ci(l) is proved in §(12.Uf(".2.3l 

Proposition 3.1.1. 1) For every element Vi{n) = ai{n), bi{n), Ci{n), the following rela- 
tion holds: 

P«n))= V>k<^^pivi{n~l)). (3.3) 

fc = 1,2,3 

2) The elements aiin), bi{n), Ciiji) are perfect for every n>l and i = 1,2, 3. 

The proof of Proposition 13.1.11 is given in ^C.2.41 

Let us consider sublattice H^{0) generated by 3 chains 

Si = {ai{n)Cbi{n)}, t = 1,2,3 (3.4) 

and sublattice H^{n) {n>l) generated by 3 chains 

Si = {ai{n) C biin) C Ci{n)}, i = 1,2, 3. (3.5) 

According to definition of perfect elements (see §A.6|1 . H^{n) forms a sublattice of perfect 
elements in D^'^'^. 

Proposition 3.1.2. H^{n) is a distributive sublattice for every ?t, > 0. 

A proof of Proposition 13.1.21 is given in §(12.51 
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3.2. The multiplicative form and the cardinality of H^{n) 

Proposition 3.2.1. Every element of the lattice H^[n), where n > 0, is of the form 
V1V2V3, where Vi G {ai{n) , bi{n) , Ci{n) , 1^} ■ 

Proof. Let f if 2^3 and v[v2v'^ be two elements of H^{n). Then 

3 

V1V2V3 + v[v2v'^ = Pi snp{vi, f •)• (3.6) 

2=1 

Indeed, if Vi ^ v'^ for every i = 1,2, 3, then V1V2V3 + v[v'2v'^ = V1V2V3. If vi D v[ and V2 C v'2, 
V3 v'^, then by ()U.13|1 we have 

V1V2V3 + ^i^^Ws = viv'2v'^{v2V3 + v[) = f if 2-^3. □ 

Corollary 3.2.2. 1) The lattice i/+(0) contains < 27 elements. 
2) The lattice H^{n) for n > contains < 64 elements. 

Proposition 3.2.3. The lattice H~^{0) contains 27 distinct elements. 

Proposition 3.2.4. The lattice contains 64 distinct elements. 

For proof of Propositions 13.2.31 and 13. 2. 4^ see §(12.61 
Proposition 13.2.41 is true for arbitrary n: 

Proposition 3.2.5. The lattice H^{n) for n g {1,2,3,...} contains 64 distinct ele- 
ments. 

Proof. Let H^{n) contain 64 distinct elements. We will prove that H^{n+1) also contains 
64 distinct elements. Let Vi{n)v2{ri)v3{n) and v[{n)v2{n)v'^{n) be two distinct elements in 
the H~^{n) and p is the preprojective representation separating them. For n = 1, the 
representation p is given by Tables in!6| 1(171 For example, 

p{vi{n)v2in)v3{n)) = 0, 

p{v[{n)v'2{n)v',{n)) = Xl ^^'^^ 

Therefore, 

there exists an i such that p{vi{n)) = 0, (3.8) 

and 

p{v[{n)) = Xq for every i. (3.9) 

For every preprojective representation p, there exists preprojective representation p such 
that $+p = p. (Naturally p = $-p, see ^Kl\ jh^(;P7.3| V Then, by ((131) for i from 
we have 

p{v^{n+l))= J2 Vp^^pivi{n))= Yl ^pPiMn)) = 0, (3.10) 

p=l,2,3 p=l,2,3 

i.e., 

p{vi{n + l)f2(n + l)f3(n + 1)) = 0. (3.11) 

On the other hand, 

piv',{n + l))= Yl Vp^^~Pi<in))= Yl ^pPKH)= E "Pp^o- (3-12) 

p=l,2,3 p = l,2,3 p=l,2,3 
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By Corollary 12 . 4 . 41 we have 

p=l,2,3 p=l,2, 3 , , 

(3.13) 

p{yi{y2 + z/a) + y2{yi + y?) + 2/3(2/1 + 2/2)) = p(n(^i + %))• 

Since ?/j + yj is perfect and p = is non-projective, by Proposition 12.9.31 we have 

Piyi + yj) = for every {i, j}, i 7^ j. (3.14) 
Thus, by (pTT^ . (jTH^ andHH 

p{v[{n + 1)) = Xq for every z, (3.15) 

and therefore 

p{v[{n + l)v'^{n + l)t;^(n + 1)) = Xq. (3.16) 

Thus, by ()3.1H1 and ()3.16|) the representation p separates vi{n + l)t'2(n + 1)v^{n + 1) and 
v[{n + l)t;2(^ + 1)^3(^ + !)• □ 

Corollary 3.2.6. H^{n) is a distributive Q4-element lattice forn > 1. It is the direct 
product (Fia \l.^ of three chains {ai{n) C 6j(n) C Cj(n)}. 

3.3. The additive form for elements of H^{n). Considerations mod 6 

3.4. Sums and intersections 

Proposition 3.4.1. 1) For every perfect elements Vi,Vj,Vk, the following relation holds 

p = 1, 2, 3 t = i,j,k t = i, j,k p = 1,2,3 

2) For every perfect element v and every u, the following relation holds 

^p<^^p{vu)= ^p^^'Pi^) J2 Vp'^^Pi^)- (3-18) 

p = l,2,3 p=l,2,3 p=l,2,3 

Proof. 1) If $+p(ft) = for some t, then 

t = i,j,k p = 1,2,3 

and ()3.17j) is true. If $+p(ft) = Xq for every t, then by Corollary 12.4.41 and (j3.13j) we have 

' = (3.19) 

J2 Vp'^^pivt) = p{f]{yi + yJ))■ 
p=l,2,3 

Hereafter 

n (yi + yj) means {yi + 7/2) (2/1 + 2/3) (2/2 + 2/3)- 

From ()3.19|) we have 

J2 vp'^^pi n ^*)= 5Z ^p'^^p{i) = p{r\(yi + yj))^ 

p = 1,2,3 t = i,j,k p= 1,2,3 ijtj 

3.20 

n ( E ^p'^^pi^t))=p{r\{m+y,)), 

t = i,j,k p=l,2,3 ij^j 
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and again ()3.17j) is true. Note that by Proposition 12.9.31 in ()3.2()|) p{f]{yi +yj)) = except 
for the case where p is a projective representation (Table IXTfjl . for which p{f]{yi + yj)) = 0. 
□ 

2) As in 1), if (l>+p{v) = 0, then 

^^p{vu) = and ^ (pp^^p{v) = 

p= 1,2,3 

and ()H.18|1 is true. 

If p is projective, then ^~^p = and ()3.18|) is true as well. 

Consider the case $"'"p 7^ 0, i.e., p is not a projective representation. If ^~^p{v) = Xq, 
then <l>+p(fM) = <I>+p(m)Xo = <l>+p(u) and 

J2 Vp^^p{vu)= J2 Vp'^^Pi^)- (3-21) 

p = l,2,3 p = l,2,3 

On the other hand, 

p = l,2,3 p = l,2,3 i^j 

and by Proposition 12. 9. HI we have J2 fv^^Pi'") = -^0 and 

J2 ^P^^Piv) E V^P'^^P(«) = ( E ^p'f^PH)^o= 5^ Vp^^piu). (3.23) 

p = l,2,3 p=l,2,3 p = l,2,3 p=l,2,3 

So, (pn^ is true. □ 

All considerations given below up to the end of ^3.31 are represented modulo linear equiv- 
alence, see ^A.6I 

Proposition 3.4.2. The next relation takes place modulo linear equivalence 

xo{n + 2)= Pi ai{n) mode. (3.24) 

i = 1,2,3 

Proof. We will prove ()3.24|1 for n = 0,1 without restriction mod 6. 
Case n = . By Table ESI, Line 7, k = 0, we have 

a;o(2) = 5-10 + 6-20 + 930 = ^ yrivs + yt) = n (yr + ys)- (3.25) 

r,s,t r ^ s 

The sum is taken over all permutations {r, s,t} of {1,2,3}. On the other hand, by Table 

EH 

fl a,(0) = f|(y, + i/,). (3.26) 

4 = 1,2,3 r^s 

Case n = 1 . We have 

a;o(3) = 5-210 + 5120 + 5310 + 5i30 + 5230 + 532o- (3.27) 
By Table 1231 5 Line 9, = 0,p = 0, g = 0, we have, for example, 

5210 = y2a^i{x2 + Af) = y2{xi + yz){x2 + 2:3 + yi)- 

From here, 

5210 + 5310 = y2{.xi + y^){x2 + X3 + yi) + y^{xi + 2/2) (3^2 + x^ + yi) = 
{xi + y3)ixi + y2)[y2ix2 + X3 + yi) + y3{x2 + X3 + yi)] = 
(xi + y3)ixi + y2)[x2 + y2ix3 + yi) +X3 + ?/3(x2 + yi)] = 
(xi + y3)ixi + y2)[ix3 + 1/2) (2:3 + yi) + ix2 + 1/3) (a;2 + 2/1)] • 
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Thus, 

5-210 + 5310 = (xi + ?/3)(xi + 1/2) [(a;3 + 1/2) (a;3 + Vi) + {^2 + 1/3) (xa + t/i)], 
5120 + 5320 = {x2 + yci){x2 + yi)[{xz + yi){xz + y2) + (a;i + y-i){xi + 1/2)], (3.28) 
5130 + 5230 = {.x^ + y2){.X2, + 2/1) [(a;2 + yi){,X2 + y^) + (xi + 2/2) (a;i +2/3)]- 
On the other hand, by (jdlGj) we have 

ti(l) = a;i(l) + 2/1(2) = xi + 621 + 631 = 

xi + 2/2 (xi + 2/3) + 2/3(^1 + 2/2) = (xi + 2/2) (xi + 2/3), 



I.e., 



5210 + 5310 =tl(l)(t2(l)+t3(l)), 

5120 + 5320 = t2(l)(ti(l) + t3(l)), (3.29) 

5130 + 5230 = t3(l)(il(l)+t2(l)), 



and therefore 



^o(3) = n(^.(l)+t,(l))= fl a,(l). (3.30) 

fc=l,2,3 

Induction step. As in ()3.1()|1 . 

p(xo(n + l))= 5^ </.p$+p(xo(n)) = ^ ¥;p$+p( fj a,(n - 2)). (3.31) 

p=l,2,3 p = l,2,3 i=l,2,3 

By (jSHI), Proposition EXH 

p(xo(n + l))= fl ( ^ v'p<l>+pa,(^-2)). (3.32) 

i = 1,2,3 p = 1,2,3 

From here, by ()3.3j) . Proposition 13. 1.11 

p(xo(n + l))= fl p(ai(n-l)), (3.33) 

i = 1,2,3 

which is to be proved. □ 

Corollary 3.4.3. For n > 2, the elements xo{n) are perfect. 

Proof. It follows from the fact that the intersection of perfect elements is also perfect. □ 



Conjecture 3.4.4. Relation \3.24 ) takes place without restriction mod 9. 



For n = 0, this conjecture was proven above in ()3.25|) . ()3.26|) and, for n = 1, it was 
proven in ()3.30p . 

3.5. Other generators: Pi{n) C qi{n) C Si{n) 

Let us introduce the following polynomials: 

Pi{n) = Xo{n + 2) + Xi{n + 1), 

qi{n) =Xo{n + 2) + yi{n + l), (3.34) 
Si{n) = Xo{n + 2) + yi{n + 1) + Xi{n). 

Compare two generator systems on Fig. 11.51 The generators aj(n) C bi{n) C Ci{n) are given 
by the upper edges of H^{n). The generators Pi{n) C qi{n) C Sj(n) are given by the lower 
edges of H^{n). 
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Proposition 3.5.1. Table [Ql gives relations between the upper and lower generators. 
These relations are true mod 6. 



N 


The multiplicative 


The additive 


The number of 




lorm 


lorm 


Polynomials 


1 


ai{n) 


Sj{n) + Sk{n) 


3 


2 


h{n) 


Sj{n) + Sk{n) +Pi{n) 


3 


3 


Ci{n) 


Sj{n) + Sk{n) + qi{n) 


3 


4 


ai{n)aj{n) 


Sk{n) 


3 


5 


bi{n)bj{n) 


Sk{n) +Pi{n) +Pj{n) 


3 


6 


Ci{n)cj{n) 


Sk{n) + qi{n) + qj{n) 


3 


7 


ai{n)bj{n) 


Sk{n) +Pj{n) 


6 


8 


ai{n)cj{n) 


Sk{n) +Pj{n) 


6 


9 


bi{n)cj{n) 


Sk{n) +Piin) + qj{n) 


6 


10 


ai{n)aj{n)bk{n) 


Pk{n) 


3 


11 


ai{n)aj(n)ck{n) 


qk{n) 


3 


12 


bi{n)bj{n)ak{n) 


Pi{n) +Pj{n) 


3 


13 


bi{n)bj{n)ck{n) 


Pi{n) +Pj{n) + qk{n) 


3 


14 


Ci{n)cj{n)ak{n) 


Qiin) +qj{n) 


3 


15 


Ci{n)cj{n)bk{n) 


qi{n) +qj{n) +Pfc(n) 


3 


16 


ai[n)bj[n)ck[n) 


Pi{n) + qj{n) 


6 




ai{n)aj{n)ak{n) 


Xo{n + 2) 


1 


18 


bi{n)bj{n)bk{n) 


Pi{n) +Pj{n) +pk{n) 


1 


19 


Ci{n)cj{n)ck{n) 


qi{n) + qj{n) + qk{n) 


1 


20 


In = ai{n) + aj{n) 


Si{n) + Sj{n) + Sk{n) 


1 




for all {ij}, i 







Table 3.1. The multiplicative and additive forms of H^{n) 



For a proof, see ^C.2.71 

3.6. Coupling together H^{n) and H^{n + 1). Considerations mod 6 

We consider ordering of H^{n) and H^{n + 1) relative to each other. The way H^{n) is 
connected with H^{n + 1) is not as simply as free modular lattice in |GP76j . jGP77j . 
see ^1.13.11 §1.13.21 For the way H^{n) is connected with H^{n + 1), see the Hasse diagram 
on Fig. 11.61 



3.8. THE CARDINALITY OF (7„ IJ K+i 

3.7. Boolean algebras [/„ and Vn+i 
Consider the lower cube Un C H^{n) and the upper cube Vn+i C H^{n + 1) 
Un = aihh, biO'2b3, hhas, 010263, 016203, 610203, 010203}, 

Vn+l = {Ci, C2, C3, C1C2, C2C3, C1C3, C1C2C3, Ci + C2 + C3}, 

where Oj = Oj(n), 6j = bi{n), Ci = Ci{n + 1). 





The multiplicative 


The additive 


The complement 




form of z 


form of z 


element z' 


1 


Ijj = bT(n)b2(n)b-i(n) 


Pi in) + V2{n) + Psfri) 


Oi (77)02(77)03(77,) 


2 


ai{n)b2in)b3{n) 


P2{n) +Pz{n) 


61(77)02(77)03(77) 


3 


6i(n)o2(n)63(n) 


Pi{n) +P3{n') 


01(77)62(77)03(77) 


4 


bi{n)b2{n)a3{n) 


pi{n) +P2{n) 


01(77)02(71)63(77) 


5 


ai{n)a2{n)bz{n) 


Pain) 


61(77)62(77)03(77) 


6 


ai{n)b2{n)a'i{n) 


P2{n) 


61(77)02(77)03(77) 


7 


6i(n)o2(n)63(n) 


Pi{n) 


01(77)62(77)03(77) 


8 


Oc/„ = 01(72)02(^)03(72) 


Xo(n + 2) 


61(77)62(77)63(77) 



Table 3.2. The 8-element Boolean algebra U, 
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(3.35) 



In Table 13. 2| the elements Iu„ and Ou„ are, respectively, the maximal and minimal 
elements of Un- The distributivity of [/„ follows from the distributivity of H'^{n), Proposition 
13.1.21 It is easy to see that Un is an 8-element Boolean lattice, where 

Cc/„ = 01(77)02(77)03(77), Iu„ = 61(71)62(71)63(71), 

(aiajbk)' = bibjak, i.e., OiOj6fc + bibja^ = Iu„ and OiOj6fc n 6^6^-0^ = Ou„. 

In Table 13. 3| the elements Iv„+i and Ov„+i are, respectively, the maximal and minimal 
elements of Vn+i- The distributivity of Vn+i follows from the distributivity of H~^{n + 1). It 
is easy to see that V^+i is an 8-element Boolean lattice, where 

= Ci (77+ 1)02(77+ 1)03(77+ 1), Jy„^, = q(77+ 1) +9(77+ 1), ^^^^^ 

c- = CjCfc, i.e., Ci + c[ = Ci + CjCk = Iv„+i, and Cj n c- = q n CjCk = Oy^+i- 



3.8. The cardinality of Un [j K+i 

Proposition 3.8.1. The union Un[jVn+i contains 16 distinct elements. 

Consider case n = 1. We will prove that ($^)^p3;(, (see Table \KA^ separates Ui and V2. 
It is sufficient to prove that 

($-)V.o(2;) = ^0 for every z C f/i, 

_ 2 (3.38) 
($ ) Pxo{z) = for every z C V2. 
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N 


The multiplicative 
form of z 


The additive 
form of z 


The complement 
element z' 


1 


^V„+i = 
Ci{n + 1) + Cj{n + ^ j 


si{n + 1) + S2(n + 1) + S3('^ + 1) 


Ci(n + l)c2(n + l)c3(n + 1) 


2 


ci(n + 1) 


qi{n + 1) + S2(n + 1) + §3(71 + 1) 


C2(n + l)c3(ri + 1) 


3 


C2(n + 1) 


+ 1) + q2{n + 1) + 53(71 + 1) 


ci(n + l)c3(n + 1) 


4 


C3(n + 1) 


si{n + 1) + S2(ri + 1) + g3(n + 1) 


C2{n + l)c3(n + 1) 


5 


ci(n + l)c2(n + 1) 


1) + g2(n + 1) + S3(n+ 1) 


C3(n+ 1) 


6 


ci(n + l)c3(n + 1) 


qi{n + 1) + S2(n + 1) + g3(n + 1) 


C2(n+ 1) 


7 


C2{n + l)c3(n + 1) 


si{n + 1) + g2(n + 1) + qz{n + 1) 


ci(n+ 1) 


8 


Oy„+, = 
ci(n + l)c2(n + l)c3(n + 1) 


qi{n + 1) + g2(n + 1) + qz{n + 1) 


ci{n + I) + C2{n + l)+ 
C3(n+ 1) 



Table 3.3. The 8-element Boolean algebra Vn+i 




Figure 3.1. The Boolean algebras and K+i 
For the generators ai(l) and we have 

The generators aj(l),6i(l) are perfect, i.e., 

(<l>-)V.oK(l)) = ^0, ($-)V.o(&.(l)) = ^0, 

and therefore ()3.38j) is true. 
On the other hand, since 

q(2) =x,(2)+a;fc(2)+ ^ |/,(3) (3.39) 

q = 1,2,3 

^The generators ai{n) and hi{n) are defined in H1.27|l : for n = 1, these generators are explicitly written 
in (RTTfll . (in'2n|i 
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and $+($-)Va;o = ^~Pxo, we have 

(<l>-)Vo(c.(2)) = J2 Vp'^'P^oixj + Xk+ J2 ^''(2)). (3.40) 

p=l,2,3 (j = l,2,3 

According to Table \Ka\ we have $~p2;o(3^j) = fo^^ every j, i.e., 

($-)Vo(c.(2)) = 5^ ¥^p<f-p.o( E ^^(2)). (3.41) 

p=l,2,3 9 = 1,2,3 

By Table \KA] we have PxoiVj) = 0. Further, 

$-p,„(y,(2)) = E(^,$+<l>-p,„(y,) = J2'f'iP-oiyj) = 0. 

Thus, we have ($^)^p2^Q(cj(2)) = and ()3.38|) is true. The induction step is proved as in 
Proposition 13.2.51 above. □ 

3.9. The Boolean algebra f/„ IJ K+i 

Proposition 3.9.1. f/„|J K+i is a 16-element Boolean algebra. 

Proof. According to Proposition IA.5.11 it is sufficient to prove relations ()A.13|1 , ()A.14jl , 
(f05|l for 

Ci = Ci{n + 1), di = ai{n)bj{n)bk{n) = pj{n) + Pk{n) 
(see Fig. Oand Table IT^ . i.e., 

Ci{n + 1) Cp^{n)+pk{n), (3.42) 

Pj{n) +Pk{n) C Ci(n+ 1) + Pi{n) +Pk{n), (3.43) 

{Pj{n) + pk{n))cj{n + 1) C c^{n + 1), (3.44) 

where {z, j, k} is a permutation of {1, 2, 3}. 

According to the definition of perfect elements from ^A.6I 

Ci{n + l) = Xj{n + l) + Xk{n + l)+ ^ yt{n + 2). 

t = 1,2,3 

By definition (pOUl 

Pj(n) = Xo(^ + 2) + Xj{n + 1), 

Pj(n) +pfc(r;,) = Xo(n + 2) + Xj(n + 1) + Xk{n + 1). 

1) Then the inclusion ()3.42|) follows from 

2/i(n + 2) Cxo(n + 2), (3.45) 

t = 1,2,3 

which, in turn, comes from the Corollary 12.13.21 concerning cumulative polynomials. 

2) Inclusion ()3.43|) follows from the relation 

Xj{n + 1) C Cj(n + 1). 

3) The last inclusion ()3.44j) is a little more difficult. It is equivalent to 

{pj{n)+pk{n)){xi{n + l) + Xk{n + l)+ ^ yt(n + 2))C 

'^^'^'^ (3.46) 
Xj{n + l)+Xk{n + l)+ E yt{n + 2). 

t = 1,2,3 



(3.47) 
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From ()I145|1 and since Xk{n + 1) C Pj{n), we see that ()3.4fi|l is equivalent to 

+ ^ yt{n + 2) + {pj{n) + pk{n))xi{n + 1) C 

t = 1,2,3 

Xj{n + 1) + Xk{n + 1) + J2 ytin + '^)- 

t = 1,2,3 

To prove ()3.47|1 . it suffices to check that 

{Pj{n) + pk{n))x^{n + 1) C ^^(n + 2), (3.48) 

i.e., 

ai{n)b^{n)bkin)xi{n + 1) C yi{n + 2). (3.49) 
Since Xi{n + 1) C hj{n)hk{n) (by relation rA.13jl . we see that ()3.49|1 is equivalent to 

ai{n)Xi{n + l)<Zyi{n + 2). (3.50) 
We will prove ()3.49j) modulo linear equivalence 

ai{n)xi{n + 1) yi{n + 2) mod 0. (3.51) 
Conjecture 3.9.2. Relation \3. 51]) takes place without restriction mod 0. 

So, let us prove ()3.5ip . Let n = l,i = 1. We have to prove that 

ai(l)xi(2) Cyi(3). (3.52) 
According to (fTTfjl or (fTTmll . we have 

ai(l) =X2 + X3 + |/3(x2 + yi) + yi{x2 + 2/3) + 2/1(3:3 + 2/2) + 2/2(3:3 + 2/1) = 
(3:2 + 2/3) (3:2 + 2/1) + (3:3 + 2/2) (3:3 + 2/1) • 
Further, according to ^l.lll we have 

a;i(2) = /21 + /31 = 2/22/3 

and 

2/1(3) =2/3(2/1 + X2){y2 + 2:3) + 2/1(3:2 + 2/3)(a;3 + 2/2) + 2/2(2/1 + a;3)(2/3 + 3^2) = 
{.X2 + 2/3) (a;3 + 2/2)12/3(2/1 + 2:2) (2/2 + 3:3) + 2/1 + 2/2(2/1 + 2:3) (2/3 + 2:2)] = 
{.X2 + 2/3) (a;3 + 2/2) [(2/1 + 2:2) (2:3 + 2/22/3) + 2/1 + (2/1 + 3:3) (a;2 + 2/22/3)] = 
(a;2 + 2/3) (3^3 + 2/2) [(2/1 + 3^2) (3^3 + 2/1 + 2/22/3) + (2/1 + x^){.X2 + 2/1 + 2/22/3)] = 
(a;2 + 2/3) (a;3 + 2/2) (3^3 + 2/1 + 2/22/3) (a;2 + 2/1 + 2/22/3) (2/1 + 2:2 + 3:3). 
Now, (|3.52p is true since 

a;i(2) = ?/22/3 ^ (a;2 + 2/3) (3^3 + 2/2) (2:3 + 2/i + 2/22/3) (a;2 + 2/1 + 2/22/3) 

and 

ai(l) = {x2 + 2/3)(a;2 + 2/1) + (a;3 + 2/2)(a;3 + 2/i) ^ + X2 + X3. 
Therefore, ()3.52p is also true mod 6*, i.e., ()3.51|) is true for n = 1. 
Induction step. Let ()3.51|) be true for n, i.e., 

<l>+p{a,{n)xi{n + 1)) C $+p(2/i(^ + 2)) (3.53) 
for every indecomposable representation p. Applying have 

p{ai{n)xi{n + I)) (Z ^ (^p$+p(?/i(n + 2)). (3.54) 

p=l,2,3 p=l,2,3 
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Since aj(n) is perfect, we have according to ()3.18|) and Proposition 13.4.11 

^ ^i^+p{ai{n)) J2 Vi'^^pixiin+l)) C ^ ^i<l>+ p{yi{n + 2)) . (3.55) 

p = l,2,3 p=l,2,3 p=l,2,3 

By Propositions 12.13^ and ITl.ll 

p{ai{n + l)xi{n + 2)) C p(y,(n + 3)). (3.56) 
So, the induction step and Proposition 13.9.1) are proven. □ 

Corollary 3.9.3 (Connection edges). The following 8 inclusions hold: 

Ciin + 1) C ai{n)bj{n)bk{n), i = 1,2, 3, (3.57) 

Ci{n + l)cj{n + 1) C ai{n)aj{n)bk{n), k = 1,2,3, (3.58) 
n Q(n+l)C Pi aiin), (3.59) 

i=l,2,3 1=1,2,3 

J2 c^(ri + l)C Pi kin). (3.60) 

j = 1,2,3 i=l,2,3 

The 8 inclusions ^3.57}) - / 1 5*. 6(J\} correspond to the 8 edges shown on Fig. |i. 7| or Fig. \A.3[ 

P roof. I nclusions fnTKTjl follow from (jTI^ . inclusions (fTKHjl and (jTEn|l follows 

from (n?37|l . see Table O □ 

3.10. The theorem on perfect elements. Considerations mod 9 

We will prove the theorem describing connection construction of sublattices H^{n). 

Proposition 3.10.1. 1) For every u & Un and every v G H'^{n + 1) , we have u + v G f/„. 
2) For every u G H^{n) and every v G Vn+i, we have uv G Ki+i. 

Proof. 1) According to Table 021 the elements of t/„ are 

Pi{n), pi{n) +pj{n), ^pi(n), Xo{n + 2). (3.61) 

It is sufficient to verify heading 1) for the generators pi{n+l), qiin+l), Sj(n+1) of H^{n+1). 
According to definition ()3.34|1 it is sufficient to verify that adding the elements 

Xo{n + ?>), Xi{n + 2), yi{n + 2) 

does not lead out of the elements of type 1)3.611) . According to ()2.45p and Corollary ()2.13.2|) 
we have 

a;o(n + 3) C yi(n + 2) C xo(n + 2) (3.62) 
and adding the element Xo(^ + 3) does not lead out of [/„. From ()3.62|) it follows that 

Pi{n) = xoin + 2) + Xi{n + 1) ^ yiin + 2) D Xi{n + 2). (3.63) 
Therefore adding yi{n + 2) and Xi{n + 2) does not lead out of Un- Finally, 

Pi{n) ^ Xi{n + 1), pj{n) + Xi{n + 1) = pi{n) + pj{n), (3.64) 

i.e., addition Xi{n + 1) does not go lead of the Un either. □ 
2) Every u G H^{n) is of the form U1U2U3, where (Fig. II. 5|) 

Ui G {ai{n) C bi{n) C Ci{n) C /}. 



60 3. PERFECT POLYNOMIALS IN D^^^ 

If Ui 7^ ai{n) for every i, then u ^ f]bi{n) ^ XI + 1) ^ and = v. So, it is sufficient 
to consider the elements u G H^{n) of the type ai{n)u', ai{n)aj{n)u' and ai{n)aj{n)ak{n), 
where u' 3 w, i.e., it is sufficient to prove that 

vaiin) G Vn+i for every v C V^+i. (3.65) 

By Corollary 13.9.31 we have q (n + 1 ) C Oj (n) and 

Cj(n + l)aj(n) = Cj(n + 1), (3.66) 

and so ()3.65|) is proven for t> = Cj(n + 1). 

Now we consider the case i ^ j, for example, a2{n)ci{n + 1). Further, we have 

ci(n + 1) = X3(n+ 1) +X2(n + 1) + ^ yi{n + 2), 

i = 1,2,3 

xsin + l) C a2{n), (3.67) 
J2 y^{n + 2) C xo{n + 2) = f] ai{n)Ca2{n). 

j = l,2,3 j = l,2,3 

The last relation follows from the ()3.24j) and it is true mod 6. Therefore 

ci{n + l)a2{n) = X3{n + 1) + ^ yi{n + 2) + X2{n + l)a2{n). (3.68) 

j = 1,2,3 

According to ()3.5H1 we have X2{n + l)a2{n) C C2{n + 1) and 

ci{n + l)a2{n) C xsin + I) + ^ yi{n + 2) + X2{n + l)c2{n + 1) = 

« = 1,2,3 

C2{n + l)[x3{n + 1) + yi{n + 2) + X2{n + 1)] = 

j = 1,2,3 

C2{n + l)ci(n + 1) C a2('^)ci(n + 1). 

Thus, 

ci{n + l)a2(n) = ci(n + l)c2(n + 1) (3.69) 
and (j3.65|l is proven for v = Cj{n + 1), i j . Finally, by ()3.66|) . ()3.69j) we have 

aj{n) Ci{n + 1) = aj{n)[ci{n + 1) + Cj{n + 1)] = 

i = 1,2,3 

Cj{n + 1) + Cj(n + l)aj(n) = Cj{n + 1) + Cj(n + l)cj{n + 1), 

i.e., 

aj{n) Ci{n + 1) = Cj{n + 1). □ (3.70) 

i = 1,2,3 
oo 

Theorem 3.10.2. The union |J H^{n) is a distributive lattice mod 6. The diagram 

n=0 

is obtained by uniting the diagrams of H^{n) for n > and joining the cubes Un and Vn+i 
for all n > 0, i.e., it is necessary to draw 8 additional edges for all n > 0. (Fig. |i. 7| ). 

Proof. We have to show that the sum and the intersection do not lead out of . The 
distributivity follows from the absence of diamonds M3, see Proposition IA.4.2| [Bir48 . If 

u G H^{n), V G H^{m) 
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and these lattices are not adjacent, i.e., n < m — 2, then t> C m. Indeed, by Proposition lH.9.11 
(Fig. II. 7j) we have 

Ci{m) C Pi bi{m -1)C p| Ci(m - 1) C Q ai{m - 2) C u. 

4 = 1,2,3 j = l,2,3 j = l,2,3 j = l,2,3 

So, we consider only the case u G H~^{n),v G H^{n + 1). Every element u G H^{n) is of 
the form Ui + M2, where Ui G H^{n) and G f/„. By Proposition KllO.Tl we have 

u + v = Ui + U2 + v = Ui + {u2 + f ) G H^{n). (3-71) 

Similarly, every element v from H~^{n + 1) is of the form V1V2, where Vi G H^(n + 1) and 
V2 £ V^+i- By Proposition 13.10.11 

vu = V1V2U = Vi{v2u) G H'^in + 1). (3.72) 

So, Theorem 13. 10.21 follows from ()3.7H) and ()3.72|1 . This concludes the proof. □ 



CHAPTER 4 



Atomic and admissible polynomials in Z)^ 

4.1. Admissible sequences in 

For definition of admissible sequences in the case of the modular lattice D'^, see ^1.7.2[ 
Essentially, the fundamental property of this definition is 

ijk = ilk for all {2, = {1,2,3,4} (4.1) 

Relation (jl.lj) is our main tool in all further calculations of admissible sequences of Z)^. 

Without loss of generality only sequences starting at 1 can be considered. The following 
proposition will be used for the classification of admissible sequences in D'^. 

Proposition 4.1.1. The following relations hold 

1) (31)^(32)^(31)* = (32)^(31)''+*, 

2) (31)^(21)^(31)* = (31)'■+*(21)^ 

3) (42)''(41)^ = (41)'^(31)^ s > 1, 

4) 2(41)''(31)* = 2(31)"+i(41)^-\ r > 1, 

5) (43)'-(42)^(41)* = (41)''(21)^(31)*, 

6) 1(41)^(21)'* = l(21)^(41)^ l(^l)'^(jl)^ = l(Jl)^(^l)^ i,J e {2, 3, 4}, z ^ j, 

7) (41)''(21)*(31)" = (41)''(31)"(21)*, 

8) (13)"(21)^' = (12)'■(31)^ 

9) 12(41)^'(31)"(21)* = (14)^'(31)"+i(21)* = (14)''(21)*+i(31)^ 

10) 12(14)''(31)"(21)* = (14)^'(31)"(21)*+\ 

11) 13(14)^(31)^(21)* = (14)^'(31)"+2(21)*-i, 

12) 32(14)^(31)^(21)* = (31)'^(21)*+i(41)^' = 34(14)^'(31)'(21)*, 

13) 42(14)''(31)'^(21)* = (41)^(21)*+i(31)'' = 43(14)''(31)"(21)*, 

14) 23(14)'^(31)^(21)* = (21)*+i(31)^(41)'' = 24(14)^(31)^(21)*. 

Proof. 1) For r = 1, we have 

(31)(32)'(31)* = 31(32)(32)...(32)(32)(31)* = 31(41)(32)...(32)(32)(31)* = 
31(41)(41)...(41)(41)(31)* = 32(41)(41)...(41)(41)(31)* = 32(32)(41)...(41)(41)(31)* = 
32(32)(32)...(32)(31)(31)* = (32)^(31)*+^ 
Applying induction on r we get the relation 

(31)^(32)^(31)* = (32)^(31)"+*. □ 

2) For t = 1, we have 

(31)^^(21)^(31) = (31)"(21)(21)...(21)(21)31 = (31)''(21)(21)...(21)(34)31 = 
(31)"(21)(21)...(34)(34)31 = (31)"(34)(34)...(34)(34)21 = (31)"(34)(34)...(34)(21)21 = 
(31)^(34)(34)...(21)(21)21 = (31)'"(31)(21)...(21)(21)21 = (31)^^-+^(21)^ 
Applying induction on t we get the relation 

(31)''(21)^(31)* = (31)''+*(21)^ □ 
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3) For s = 1, we have 

{A2YA1 = 42(42)(42)...(42)(42)41 = 42(42)(42)...(42)(42)31 = 
42(42)(42)...(42)(31)31 = 42(31)(31)...(31)(31)31 = 
41(31)(31)...(31)(31)31 = 41(31)^ 

Thus, by heading 2) we have 

(42)"(41)^ = 41(31)"(41)^-^ = (41)^(31)". □ 

4) For s = 0, we have 

2(41)" = 2(41)(41)"-^ = 2(31)(41)'^~^ 

and by heading 2): 

2(41)''(31)' = 2(31)(41)'^-i(31)^ = 2(31)^+^(41)"-\ □ 

5) Applying heading 3) we get 

(43)"(42)^(41)* = (43)''(41)^(31)*. 
Again, applying heading 3) to (43)^(41)'* we get 

(43)''(41)^ = (41)"(21)^ 

and 

(43)''(42)^(41)* = (41)''(21)^(31)*. □ 

6) For s = 1, we have 

1(41)''(21) = 1(41)(41)...(41)(41)(21) = 1(41)(41)...(41)(23)(21) 
1(41)(41)...(23)(23)(21) = 1(23)(23)...(23)(23)(21) = 
1(23)(23)...(23)(23)(41) = 1(23)(23)...(23)(41)(41) = 
1(23)(41)...(41)(41)(41) = 1(21)(41)...(41)(41)(41) = 
l(21)(4ir. 
Thus, by heading 2) we have 

1(41)"(21)^ = l(21)(41)''(21)^-i = 1(21)^(41)". □ 

7) Follows from 6). □ 

8) First, 

1321 = 1421 = 1431 = 1231 = 1241 = 1341 
For r = 1, by ()4.2|) we have 

13(21)" = 13(21)(21)...(21)(21) = 12(31)(21)(21)...(21)(21)(21) 
12(34)(21)(21)...(21)(21)(21) = 12(34)(34)(21)...(21)(21)(21) = 
12(34)(34)(34)...(34)(34)(31) = 12(12)(12)(12)...(12)(34)(31) = 
12(12)(12)(12)...(12)(12)(31) = (12)^(31). 

Suppose 

(13)^(21)" = (12)"(31)^ 
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then we have 

(13)"+^(21)^ = 13(12)^(31)" = 13(12)(12)...(12)(12)(31)" = 
13(43)(43)...(43)(12)(31)" = 13(43)(43)...(43)(41)(31)'' = 
12(43)(43)...(43)(41)(31)'^ = 12(12)(43)...(43)(41)(31)" = 
12(12)(12)...(12)(41)(31)'^ = 12(12)(12)...(12)(31)(31)" = (12)^(31)"+\ 

Thus, by induction the following relation holds: 

(13)''(21)^ = (12)^(31)"^ □ 

9) First of all, 

12(41)"(31)'(21)* = 12(41)(41)...(41)(41)(31)'(21)* = 
12(32)(41)...(41)(41)(31)'(21)* = 12(32)(32)...(32)(31)(31)"(21)* = 
14(14)(32)...(32)(31)(31)"(21)* = 14(14)(14)...(14)(31)(31)"(21)* = 
(14)'^(31)^+^(21)*. 

By heading 4) we have 

4(31)^+^(21)* = 4(21)*+^(31)^ 

Thus, 

(14)'^(31)^+^(21)* = (14)'^(21)*+i(31)^ □ 

10) First, we have 

12(14)'^(31) = (14)^(21)2 

since 

12(14)^(31) = 12(14)(14)...(14)(14)(31) = 12(32)(14)...(14)(14)(31) = 
12(32)(32)...(32)(34)(31) = 14(14)(32)...(32)(34)(31) = 
14(14)(14)...(14)(34)(21) = 14(14)(14)...(14)(21)(21) = (14)'^(21)2. 

By (j4.3|l we have 

12(14)''(31)'(21)* = 12(14)"(31)(31)'-^(21)* = (14)"(21)2(31)'~^(21)*. 
By headings 2) and 4): 

(21)2(31)^-1(21)* = (21)*+2(31)^-i 

and 

12(14)''(31)*(21)* = {UY{2iy+\3iy-^ = (14)''(31)*(21)*+^ □ 

11) Applying permutation 2 3 to heading 10), we get 

13(14)'^(21)*(31)' = (14)"(21)*(31)^+^ 

By heading 4) 

13(14)''(21)*(31)' = {UY{3iy+\2iy-\ □ 

12) By heading 8) 

(14)'^(31)'^ = (13)^(41)" 
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and 

32(14)"(31)'(21)* = 32(13)^(41)^(21)* = 

32(13)(13)...(13)(13)(41)^(21)* = 34(24)(13)...(13)(13)(41)^(21)* = 
34(24)(24)...(24)(21)(41)"(21)* = 31(24)(24)...(24)(21)(41)"(21)* = 
31(31)(31)...(31)(21)(41)'^(21)* = (31)^(21)(41)''(21)*. 
By heading 2) we have 

(31)'(21)(41)"(21)* = (31)'^(21)*+^(41)'^ 

and 

32(14)''(31)''(21)* = (31)'(21)*+^(41)" □ 

13) By heading 8): 

(14)^(31)^ = (13)^(41)'- 

and 

42(14)"(31)'(21)* = 42(13)'(41)"(21)*. 
Applying permutation 4 3 to heading 12) we get 

42(13)^(41)^(21)* = (41)^(21)*+i(31)". □ 

14) By heading 4) we have 

23(14)'^(31)'(21)* = 23(14)''(21)*+^(31)*-^ 
Applying permutation 2 ^ 3 to heading 12) we get 

23(14)"(21)*+^(31)^-^ = (21)*+^(31)'(41)". □ 

Proposition 4.1.2. Full list of admissible sequences starting at 1 is given by Table \^~l\ 

Note to Table 14. II Type Fij (resp. Gij, Hij) denotes the admissible sequence starting 
at j and ending at i. Sequences of type Fij and if 11 contain an even number of symbols, 
sequences of type Gij and Hij, [i > 1) contain an odd number of symbols. For differences 
in types Fij, Gij, Hij, see the table. 

Proof. It suffices to prove that maps ipi, where i = 1,2, 3, 4, do not lead out of Table HHJ 
The exponents r, s, t may be any non-negative integer number. The proof is based on the 
relations from Proposition 14.1.11 We refer only to number of relation and drop reference to 
Proposition 14.1.11 itself. 

Lines -F21--F41 . Consider, for example, (p^. By heading 4) we get 

ip3ii2iy{AlY{3iy) = 3(41)^•+^(21)*-l(31)^ (4.4) 

i.e., we get G31. □ 

Line Gil . Consider the action (p2- By heading 6) we get 

ip2{l{4iy{3iy{2iy) = 2(1(41)'^(21)*(31)') = 21(41)''(21)*(31)^ 
By heading 2) we have 

(/?2(1(41)"(31)^(21)*) = 21(41)"(21)*(31)^ = (21)*+^(41)"(31)^ (4.5) 
i.e., we get F21. □ 

Line G21 . By heading 9) applying (fi we get ifll. For the action (f^, we have 

32(41)"(31)'(21)* = 31(41)^(31)^(21)* = (31)^+^(41)^(21)*, (4.6) 
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Admissiblfi Sficnifiiicfi 


Action 


Action 


Action 


Action 


F21 


f2iyf41ff31? = {21)H?>1Y(A1Y 


Gil 




G31 


G41 


F31 


(31)"(41)''(21)* = (31)"(21)*(41)'' 


Gil 


G21 




G41 


FAl 


(41)''(31)"(21)* = (41)''(21)*(31)* 


Gil 


G21 


G31 




Gil 


1(41)''(31)"(21)* = 

li^lYi4:lYi2lY = 

If21)*f31?f41)'' 




F21 


F31 


F41 


G21 


2(AlY(3lY(2lY = 2(3lY^^(4:lY~^(2lY 


i711 




F31 


FAl 


G31 


3(41)^(21)*(31)" = 3(21)*+H41)''"H31)' 


Hll 


F21 




FAl 


G41 


4(21)*(31)"(41)^ = 4(31)"+^(21)*-^(41)^ 


Hll 


F21 


F31 




Hll 


(14)^(31)^(21)* = (14)^(21)*+i(31)^-^ = 
fl3)^f41)''f2lV = fl3?f2lV+^f41)''"^ = 
('12)*+V4iyf31)^-^ = fl2)*+H31)^-H41)^ 




H21 


H31 


HAl 


H21 


2{1AY{?>1Y{21Y 


Hll 




F31 


FAl 


mi 


3(14)'^(31)^(21)* 


Hll 


F21 




FAl 


HAl 


4(14)''(31)"(21)* 


Hll 


F21 


F31 





Table 4.1. Admissible sequences for the modular lattice D 



i.e., we get F31. For cp^ from heading 4), we have 

42(41)^(31)^(21)* = 42(31)'+^(41)"-^(21)* 



(A 7) 

41(31)^+^(41)'-i(21)* = (41)''(31)^+^(21)*, ^ ^ 



i.e., we get F41. For cpi from heading 9), we have 

12(41)^(31)^(21)* = (14)''(31)'+^(21)* = 



(4-8) 

(14)'■(21)*+^(31)^ ^ ^ 



i.e., we get ifll. □ 



68 4. ATOMIC AND ADMISSIBLE POLYNOMIALS IN 

Line G31 . For the action ipi by relation 13(41)* = 12(41)* we get Hll. For the action 
ip2 and by heading 6), we have 

23(41)'^(31)^(21)* = 23(41)"(21)*(31)'^ = 21(41)''(21)*(31)' = (21)*+^(41)"(31)' 

i.e. we get F21. 

For the action ip^^ from headings 6), 4), we have 

43(41)'^(31)'^(21)* = 43(41)"(21)*(31)'^ = 43(21)*+^(41)"'^(31)^ = 41(21)*+^(41)'-^(31)' 
So, by heading 2) we have 

43(41)'^(31)'(21)* = (41)"(21)*+l(31)^ 

i.e., we get F41. □ 

Line G41 . By heading 9) we get ifll. For action we have from 4) 

24(21)*(31)^(41)'^ = 24(31)'+^(21)*"i(41)'^ = 21(31)'+^(21)*-i(41)'^ = (21)*(31)'+^(41)'' 

i.e., we get F21. For the action (^93 we have from 2) 

34(21)*(31)^(41)" = 31(21)*(31)'(41)" = (31)'^+^(21)*(41)'' 

i.e., we get F31 □ 

Line Hll . Actions are rather trivial □ 

Line H21 . For action ipi the relation follows from heading 10), for ip^ - follows from 
heading 12), and for <^4 - follows from heading 13). □ 

Line H31 . Follows from headings 9), 14) and 13). □ 

Line H41 . Action ^pi is trivial since 14(14)*" = (14)'"+^. Action follows from heading 
14) and action ^93 follows from 12). □ 

Thus, all cases are considerd and the proposition is proved. □ 

The pyramid on the Fig. 11.41 has internal points. We consider the slice S{n) containing 
all sequences of the same length n. The slices S'(3) and 5(4) are shown on the Fig. 14.11 The 
slice 5(4) contains only one internal point 

14(21) = 13(21) = 13(41) = 12(41) = 14(31) = 12(31) (4.9) 

The slices 5(4) and 5(5) are shown on the Fig. 14.21 The slice 5(5) contains 3 internal points 

2(31)(21) = 2(41)(21), 

3(21)(31) = 3(41)(31), (4.10) 
4(21)(41) = 4(31)(41). 

Remark 4.1.3. The slice 5(n) contains -n(n + 1) different admissible sequences. Ac- 
tions of where i = 1, 2, 3, 4 move every line in the triangle 5(n), which is parallel to some 
edge of the triangle, to the edge of S{n + 1). The edge containing k points is moved to A; + 1 
points in the S{n + 1). 



4.1. ADMISSIBLE SEQUENCES IN 69 



1(41) 




3U21)= 21(31) = 

34(21) 24(31) 



Figure 4.1. Slices of admissible sequences ior D^, I — 3 and I — 4 




1(21)^ 4(21)^ 1(31)(21) 4(31)^ 1(31)^ 



Figure 4.2. Slices of admissible sequences for D^, Z = 4 and I — 5 
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4.2. Atomic polynomials and elementary maps in the modular lattice 

The free modular lattice is generated by 4 generators: 

= {61,62,63,64}. 

Recall, that atomic lattice polynomials a^, where i,j G {1, 2, 3, 4}, n G {0, 1, 2, 3, . . . }, 
for the case of D^, are defined as follows 



il^i = I for n = 0, 

(^n = + 6ja^Li = 6j + 6ja^*Li for n > 1, 

where {i,j, k, 1} is the permutation of {1, 2, 3, 4}, see ^1.51 

Proposition 4.2.1. 1) The following property of the atomic elements take place 

„ forn > 1, and distinct indices j,k, I . (4.11) 

2) The definition of the atomic elements in is well-defined. 

3) We have 

(4 C al_^ C . . . C 4^' C a'i C aj/' = / for all % ^ 3. (4.12) 

4) To equalize the lower indices of the admissible polynomials fao (see Table \4~3\ and 
Theorem \4 ■ 8 . 1]) we will use the following relation: 

Cj + 6ia2iai-i = 6j + 6^4^ af for all {ij, k, 1} = {1, 2, 3, 4}. (4.13) 

Proof. 1) Suppose 1)4.111) is true for the index n — 1: 

Since Cj C a^*_]^, by the permutation property ()A.4)1 . we have 

ei«n = ei(6fc + eial_^) = Cj^Ck + eia^^_^) = ej{ei + eka^^_^) = cja^^. □ (4.14) 

2) follows from 1). □ 

3) By induction hypothesis we have a^'_i C a^l.g, and therefore 

— ~\~ 6ja^_i C Cj + 6ja„_2 = O-n-l' ' 

4) Without loss of generality, we will show that 

62 + eia^l^al\ = 62 + 640^^0^^. (4.15) 

By permutation property ()A.4|) we have 

24 34 



62 + eia^l^alti = 62 + 61(64 + e2al^)af_;^ 



62 + 61(64 + e2al^af_^) = 62 + 64(61 + 62aJ^a^^i) = 
62 + 640^^(61 + e2af_^) = 62 + e^al^al^. □ 

Now we briefly recall definitions due to Gelfand and Ponomarev |GP74j . |GP76j . 

|GP77j of spaces Gj, G/, representations z/", u^, joint maps ipi, and elementary maps ipi, 
where i = 1,2,3,4. To compare these definitions with a case of the modular lattice D^'^'^, 
see ChEI 

We denote by 

{Y,,Y2,Ys,Y^\Y,CXo,z = 1,2,3,4} 
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the representation p of in the finite dimensional vector space Xq, and by 

{Yl Yl Yl Yl I C Xl 1 = 1,2, 3, 4} 

the representation $+p of D'^. Here Yi (resp. Y^) is the image of the generator Cj under the 
representation p (resp. $"'"p). 

n I n I 

C Xo 3 F2 Y^ C D 

U I U I (4.16) 



The space Xq — the space of the representation $+p — is 

^0 = {('7i,^2,^?3,^?4) I Vi e Yi, ^r/i = 0}, 
where i G {1, 2, 3, 4}. As in the case of D^'^'^ pTTj we set 

i = 1,2,3,4 

i.e., 

^ = {('71, ^2, rj^, Vi) IVi^Yi, i = 1> 2, 3}. 

Then, Xg^ C R. 

For the case of D^, the spaces Gj and G'i are introduced as follows: 

Gi = {(r/i, 0,0,0) I r/i G Fi}, = {(0,772,7/3,7/4) | r/, G F,}, 
G2 = {(0,7/2,0,0) I 7/2 G F2}, G^ = {(7/1,0,7/3,7/4) I 7/, G F.}, 

G3 = {(0,0,7/3,0) I 7/3 GF3}, G^ = {(7/1,7/2,0,7/4) I 7/, GF.}, 
G4 = {(0, 0, 0, 7/4) I 7/4 G F4}, G; = {(7/1, 7/2, 7/3, 0) I 7/, G F^}. 



(4.17) 



For details, see |GP74[ p.43]\ 

The associated representations vq, ui in R are defined by Gelfand and Ponomarev jGP741 
eq.(7.2)]2: 

i/°(e,)=Xo^ + G„ 7 = 1,2,3, 

1 , (4-18) 
iy\e,)=X',G[, 7 = 1,2,3. 

Following |GP74j . we introduce the elementary maps 99,: 

ipi : Xq — > Xq, (7/1, 7/2, 7/3, 7/4) I — > r]i. 

From the definition we have 

V^i + V^2 + V^3 + V^4 = 0. (4.19) 



^Compare with definition (|2.1II of the spaces G,;, G[, Hi, H[ in the case of _D^'^'^; see also Table ^21 
^Compare with definitions for the case of £)^'^'^ in ii2.2l 
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IN U llUiio 


r)2,2,2 




Generators 


{a^l ^ ^1,2^2 ^ 2/2,2^3 ^ 2/3} 


{61,62,63,64} 


Atomic 
elements 


= + yj(i^_^, 

^n^ = Vi + XjA'^'_l, 

= {1,2,3} 


{z,j,/c,/} = {1,2,3,4} 


Representation p 


p{xi) = Xi,p{yi) = li 


p{ei) = 


bpace Aq 


where 771 + 772 + ?73 = 


= {(^1,^2,773,774) 1 77i e FJ, 
where 771 + 772 + 773 + 774 = 


Representation 


p(x,) = xi,p(i/,)=y/ 


p{y^) = 


Spaces Gi, Hi 


Gi^ {(771,0,0)1 eFi}, 
^i = {(ei,0,0) ICie^i}, 
6-2 = {(0,772, 0)1 772 €^2}, 

i^2 = {(0,6,0) 1 6^X2}, 

G3 = {(0,0,773) 1 773 e Fa}, 

-f^3 = {(0,0,6) 1 6 e A3}, 


Gi = {(771,0,0,0) 1 771 eFi} 
G2 = {(0,772, 0,0) 1 772 eFs} 
^3 = {(0,0, 773, 0)1 773 en} 
G4 = {(0,0,0,774) 17746^4} 


Joint maps if^i 




A{o)=Xl + G,{G\ + u\a)) 


Cjuasi- 
multiplicativity 


ipi{{a + ei){b + XjXk)) 


V'i((a + 6j)(6 + 6j6fe6;) 


ijjlementary maps ipi 


• ^0 — ^0, 
(771,772,773) 1 > 77j 


• ^0 ^ ^0, 

(771,772,773,774) 1 ^ 77i 


fundamental properties 

of elementary maps 


1 r\ 

</^i</?j</'i + </'i</?fe</?i = 0, 
= 


1 A 

¥^? = 


Fundamental properties 

of indices 
(admissible sequences) 








iji — ik 


i 













Table 4.2. Comparison of notions in 1)2.2,2 ^^^^^^ ^4 
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4.3. Basic relations for the elementary and joint maps in the case of 

We define joint maps ipi : — > '^{R) as in the case of D^'^'^: 

^lji{a)=X^ + G^iG', + u\a)). (4.20) 

Proposition 4.3.1. In the case the joint maps ipi satisfy the following basic rela- 
tions^: 

(1) Ue^)=Xl 

(2) Vi(ej) = z/0(ei(efc + ez)), 

(3) xfjiil) = iy^{ei{ej+ek + ei)), 

(4) ipiickCi) = ipjiekCi) = v^iciCj). 

Proof. 1) From (p3n|l and we have i)i{ei) = + GiG[ = X^. □ 

2)We have 'ipiiyj) = X^ + Gi{Gi + X^G'j) . From Gi C G'j for i ^ j and by the permutation 



property ()A.4|1 . we get 

V^.(y,)=Xi + G.(G:G; + Xi). 
Since G[G'j = Gk + Gi, where i,j, k, I are distinct indices, we have 

^i{y,) = + G,{X', +Gk + Gi) = (Xi + Gi){X', +Gk + Gi) = u^aick + q)). □ 

3) Again, 

Un=X',+G,{G[ + X',) = 

X',+Gi{G,+Gk + Gi + X',) = u\ei{e,+ek + ei)). □ 

4) Since Gi C G'^ for all i ^ k, we have 

UekCi) = X^ + G,iG[ + X^G^G;) = 
Xg + Gi{G[G'f,G'i + Xq). 
Since Gj{Gi + Gk + Gi) = 0, then 

G[G'^ = Gk + Gi. (4.23) 

Indeed, 

^i^'j = i^j + Gk + Gi){Gi + Gk + Gi) = 
Gk + Gi + Gj{Gi + Gk + Gi) = Gk + Gi. 
From (^3^ and (jOHI), we see that 

Ueuei) = Xo^ + G.{G[G',G\ + X',) = 

X^ + G,iX^ + G,) = iyoie,e,). □ 

The main relation between ipi and tpi (Proposition 123131) holds also for the case of D^. 
Namely, let a,b,c C L)^'^'^, then 

(i) If ^,(a) = z/°(6), then ip,^+p{a) = p{b). 

(ii) If i^ii^a) = z/°(6) and ipii^ac) = ipi{a)ipi{c)^ then (4-25) 
(^,$+p(ac) = (^i$+p(a)(^i$+p(c). 
From Proposition 14.3.11 and eq. ()4.25p we have 



^Compare with Proposition 12.4. l1 for 1)2,2,2 



74 4. ATOMIC AND ADMISSIBLE POLYNOMIALS IN 

Corollary 4.3.2. For the elementary map ipi the following basic relations hold}". 

(1) <^.$+p(e,) = 0, 

(2) (^i$+p(ej) = p{ei{ek + ei)) , 

(3) ipi^'^p{I) = p{ei{ej + Cfc + ei)), 

(4) (pi^+p{ekyi) = pieiCj). 

4.4. Additivity and multiplicativity of the joint maps in the case of 

Proposition 4.4.1. The map ipi is additive and quasimultiplicative with respect to the 
lattice operations + and fl, namely^: 

(1) ^i{a)+^,{h)=^,{a + h), 

(2) ipi{a)tpi{b) = iJi{{a + ei)(b + XjXkXi)), 

(3) i!i{a)ilJi{b) = i!i{a{b + ei + XjXkXi)). 

Proof. 1) By the modular law ()A.3|) 

Ma) + Mb) = + G,{G', + u\a)) + + u\b)) = 

+ Gi {G[ + u\a) + + u\b))) = X', + G, {{G^ + u\b))iG', + G^) + u\a)) . 

Since G[ + Gi = R, it follows that 

Ma) + Mb) = ^0 + (G: + u\b) + u\a)) = X^ + G,{G', + u\b + a)). □ 

2) By definition ()2.(i|l z/^(6) C Xq, and by the permutation property ()A.5j) we have 
X^ + G,(G': + u\a)) = A^ + G[{G, + u\a)). 
By the modular law ()A.3|1 and by (jA.5j) 

Ma)Mb) = 

Ai + + u\a)) (Ai + + u\b))) = 

Ai + (a1(G: + z/i(a)) + + u\b))) . 

Since 

Ai(G^ + iy\a)) = X^G[ + iy\a) and X^G[ = u^a), 

we see that 

Ma)Mb) = ^0 + {iy\e,) + u\a) + G[{G, + u\b))) . (4.26) 
By the permutation property ()A.4|) and by ()2.19|) we have 

Ma)Mb) = X', + Gi {G[ + (z/i(e,) + u\a))iG, + z/i(6))) . (4.27) 

Since 

G^ = G'jG'kG'i and //^(e^) + //^(a) = //^(e^ + a) = Ao^(z/^(ei + a)), 
it follows that 

Ma)Mb) = ^0 + {G[ + u\e, + a){XlG'p'kG\ + ^/^(fe))) = 
Ao^ + G, (G: + v\e, + a)(z/i(e,efcQ) + v\b))) = 

Aq + Gi (G- + z/^(ej + a)z/^(ejefcei + h)) = Mi^ + ei){b + CjCkCi)). □ 

^Compare with Corollary 12. 4. 41 — a similar proposition for D^'^-^. 
^Compare with Proposition 12.5.11 case D^'^'^ 
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3) From ^TI^ and since u\e^) = X^G'^ C G'^, we have 

Ma)^^ib) = X', + G, {u\a) + + u\b) + u\ei))) . (4.28) 

Again, by ()A.4|) we have 

ij.{a)ij,{b) = + Gi {G[ + u\a){G, + u\h) + p\ei))) = 
Xl + G, (G: + u\a){XlG'p',G\ + u\b) + u\e,))) . 
Thus, ■ipi{a)ipi{b) = ipi{a{b + Xi + XjXkXi)). □ 

We need the following corollary (atomic multiplicativity) from Proposition 14.4. ll 
Corollary 4.4.2. 1) Suppose one of the following inclusions holds^: 

(i) Ci + CjCkCi C a, 

(ii) Ci + CjCkei C b, 

(iii) Ci C a, ejCkCi C b, 

(iv) Ci C 6, ej-efcC/ C a. 

Then the joint map ipi operates as a homomorphism on the elements a and b with respect to 
the lattice operations + and fl, i.e., 

iJi{a) + i)i{b) =iJi{a + b), i)i{a)il)i{b) = ilji{a)ipi{b) . 

2) The joint map ipi applied to the following atomic elements is the intersection preserving 
map, i.e., multiplicative with respect to the operation fl.' 

V'i(K^) = iPi{b)iPi{4) for every b C D\ (4.29) 

4.5. The action of maps ipi and ipi on the atomic elements in D'^ 

Proposition 4.5.1. The joint maps ipi applied to the atomic elements satisfy the 
following relations^ 

(1) Aio^) = z/°(e,<0, 

(2) ^Pjia'^) = u^ie,iek + ei)), 

(3) 7Ai(e.a^0 = ^°(e,a^'+i)- 

Proof. 1) Since '?/'i(ei) = Xq (Proposition 14.3.11 heading (1)), we have 

We suppose that heading (3) of Proposition 14.5.1) for n — 1 is true (induction hypothesis), 
and we get 

^.«^)=^,(e,a^'_,) = z/°(eX^ □ 

2) Here, 

i'jK) = + eja^-i) = ^i(ei) + ^(^A-i) = V^i(e^)• 
Further, by Pr op osit ion 14 . 3 . l] heading (2), we have 

V',«'')=V',(e,) = z/°(e,(efc + Q)). □ 



^Compare with Corollary 12. 5. 21 case D^'^'^. 

^Compare with Proposition 12 . 7. ll the modular lattice L)^'^'^. 



(4.31) 
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3) For convenience, without loss of generality, we will show that 

i^iie^af) = v\e^al%,). (4.30) 

By permutation property ()A.4j) and since i'^{eia^_]) C Xq, we have 

X',G',{X',G', + iy\e,al\)) = X^,G',{G', + u\e,aW)). 
By (IOT|) we have 

Me2al') + G,{G[ + //^(e^af )) = 

+ Gi(G; + X',G',iG', + u\e,al\)). 

Since Gi C G2 and Gi C G'^, by permutation property ()A.4|) . we have 
Me2al') =X'o + G,{G[G', + X',{G', + u\e,al\)) = 

X'o + Gi(G3 + G4 + X',{G', + iy\e,a\'_,)) = 
+ Gi((G3 + G4)(G'3 + z/^(e4aii,)) + Xq^). 

Since (j4 C G3, we have 

Me2al^) =X^ + Gi(G4 + Gs{G'^ + iy\e,al\)) + X^) = 

+ Gi((Xi + G4) + (XqI + Gs{G', + u\e,al\))). 

Pay attention to the fact 

Ue4al\) = + Gs{G', + u\e,al\)), 

and therefore 

Me2al') =X'o + GiiiX'o + ^4) + ^3(640^-1)) = 

(Xi + G,){{X', + G4) + UeAal\)) = (4.32) 

By induction hypothesis for n — 1 in heading (3) we have 
and by ()4.32p we have 

From Propositions ()2.4.3|1 and ()4.5.1|1 we have 

Corollary 4.5.2. The elementary maps ipi applied to the atomic elements a^, where 
n > 1, satisfy the following relations^ 

(1) ^,<|.+p(ajf)=p(e,a^'), 

(2) v,^+p{a^) = p{e,{ek + ei)), 



(3) ipj^+pida'^') = p(e,<' 



+1/ 



Compare with Corollary 12. 7. 41 case 1)2.2:2 
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4.6. The fundamental property of the elementary maps 

Proposition 4.6.1. For {i,j,kj} = {1,2,3,4} the following relations hold} 

ifiifk^j + ifiifi^Pj = 0, (4.33) 

V- = 0. (4.34) 

Proof. For every vector v G Xq, by definition of ipi we have {ipi + ipj + fk + = 0, 

see eq. fl4.19|) . In other words, ipi + ipj + (p^ + (fi = 0. Therefore, 

So, it suffices to prove that ^pf = 0. For every z C D^, by Corollary 14. 3. 2^ headings (3) and 
(1), we have 

^^(($+)V)(^)c^,(^,((<|.+)V(/))) = 

^i{<l>+p{e,{ej + ek + q))) C ^,($+p(ei)) = 0. □ 

Corollary 4.6.2. The relation 

iPiipkVj{B) = ipiip>iipj{B) (4.35) 

takes place^ for every subspace B C Xq, where Xq is the representation space of (<l>^)^p. 

Essentially, relations ()4.33j) and ()4.35|1 are fundamental and motivate the construction of 
the admissible sequences satisfying the following relation: 

ikj = ilj, (4.36) 

where indices i,j,k,l are all distinct, see Table lOl and ^4.11 

4.7. The homomorphic elements in 

By analogy with the modular lattice 1^2,2,2 ^^^^ ^1.6|1 . we introduce now <y9j— homomorphic 
polynomials in D^. 

An element a C D"^ is said to be (pi—homomorphic, if 

ipi^^p{ap) = V9i$+p(a)(y9i$+p(p) for all p C D^. (4.37) 
An element a C is said to be {(fi, ek) — homomorphic, if 

ip,(^+p{ap) = ipi^+ p{eka)ip,(^+ p{p) for all p C e^. (4.38) 
Theorem 4.7.1. 1) The polynomials a^-i are (pi—homomorphic' . 
2) The polynomials are ((fj,ek)—homomorphic for distinct indices {i,j,k}. 

Proof. 1) Follows from multiplicativity ()4.29|1 . Proposition 14. 5. l1 and the analog of Propo- 
sition for D^. 

2) For convenience, without loss of generality, we will show that 

yD2^^p{al^p) = V52$"^p(e3a)v52$^p(p) for all p C 63. (4.39) 

Let p C 63. First, 

12 12 21 21 

pa^ = pesttg = pe^a^ = pa^ . 



^Compare with Proposition 12. 10.'2I case 
^Compare with Corollary 12. lU. 31 case 1)2.2,2 
^Compare with Theorem 12. 8. II case D^'^^^. 
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By Corollary 14.4.21 and Prop osit ion 14 . 5 . l] heading (3) we have 

^2(rf) = ^2(^630^^) = ^2(p(e2 + eia^ii)) = 

MPieialt,)) = Mp)Meial\) = (4.40) 
Since e2a^ = 62(61 + 63 + 64)0^'* and 

Z/°(62af ) = Z/°(62(6i + 63 + 64)0^^) = 

z/°(e2(6i + 63 + 64))z/°(af ) = V^2(/)^°(af ), 

by ()4.4njl we have 

^^2(rf) = Mp)Miy{al') = MpVic^n)- (4.41) 

We have ip2{p) ^ ^"2(63) together with p C 63, and therefore ip^i^sp) = ip2{e3)ip2{p) ■ From 
we get 

^2(paf)=V^2(p)^2(e3)z/°(af) = 
Mpyie2ie, + e,)yial') = 
Mpyie2{ei + e,){af)) = Mp)Me3af), 

i.e., 

MP(^n) = Mp)Me3al'). (4.42) 

Applying projection V to ()4.42|1 as in Theorem 12 . 8 . 1 1 we get ()4.39|1 and theorem is proved. 
□ 

4.8. The theorem on the classes of admissible elements in D'^ 
Theorem 4.8.1. Let a = inin-i • • • 1 be an admissible sequence for and i ^ in- Then 

ia is admissible and, for 2qi ^ ex. Of 

fao from Table \J~^ the following relation holds^: 
i^i^+p{z^) = p{zia). (4.43) 



For the proof of the theorem on admissible elements in D^, see ^B.21 The proof repeatedly 
uses the basic properties of the admissible sequences in D'^ considered in ^4.8.11 Lemma l4.8.21 

4.8.1. Basic properties of admissible elements in D'^. We prove here a number of 
basic properties^ of the atomic elements in used in the proof of the theorem on admissible 
elements f Theorem 14.8. 1|) . In particular, in some cases the lower indices of polynomials a^^ 
entering in the admissible elements /^o can be transformed as in the following 



Lemma 4.8.2. 1) Every polynomial fao from Table \J~^ can be represented as an intersec- 
tion of Ca and P. For every i ^ in (see ^1.7.2 ), we select P to be some ipi—homomorphic 
polynomial. 

2) The lower indices of polynomials a^J entering in the admissible elements fao can be 
equalized as follows: 

faO =/(21)t(41)'-(31)=0 = 

/ 34 I 41 31 \ / 43 I 24 23\ y^.^'^j 

60,(^620,24 + fl2r+l'^2s-lj ~ ^a\P'2t ^1^2r^2s) ■ 



^Compare with Theorem l2.12.1l case 
^Compare with Table lO and 3231 case D2,2,2^ 
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The generic relation^ is the following: 



3) The substitution 




(4.45) 



(4.46) 



does not change the polynomial ei^Cial + a^-'_^iaf_^i) , namely: 

ei{eia>t + a%^af_^) = e,(e,af + a^iiaj+i). (4.47) 



4 ) The substitution \4.4(^ does not change the polynomial e. 



eia%^af_^ = d^t^af^^. (4.48) 

Proof. 1) We consider here only Line F21 from Table 14.31 all other cases are similarly 
considered. Every polynomial fao from Table 14.31 is the intersection Ca and P, where P is 
the sum contained in the parantheses, and polynomial fao can be represented in the different 
equivalent forms, such that only the polynomial P is changed. For Line F21, we have 





faO = 




/(21)*(41)'-(31)''0 = 




Col 


^CS^ii + '^2r+l'^2s-l) ~ 




^^20-2? + a'2r+l'32s-l) ~ 


(i) 




[alt + ^sOar+i^is-i) = 


e„l 


yO^'u + ^2'32r+l'^2s-l) ~ 


(ii) 


e„l 


k^2t + ^202r+l'^2s-l) — 


e^l 


^'^2? + ^2'3'2r+l'^2s-l) ~ 


(iii) 




' e /734 1 ^14 „13 N _ 
^620-2* "T "2r+l"2s-lJ ~ 


CqI 


/743 _|_ ^14 „13 N _ 
^e2"2i "T "2r+l"2s-lJ ~ 


(iv) 




/,34„13 1 „14 \ _ 
^e2U2i"2s-l "T "2r+lJ ~ 


CqI 


^„ „43„13 1 „14 \ _ 
^e2U2t"2s-l "T "2r+lJ ~ 





(4.49) 



Relation (i) in ()4.49p follows from the definition of Table and ()4.11|) . Relations (ii) in 
()4.49|) follow from the inclusion C and permutation property ()A.4|) . Relations (iii) and 
(iv) follow from (gllH). Further, by (HT^ 



and by permutation property ()A.4|) we have the relation (v). 
The polynomial P in (iv) is yji— homomorphic since 



ei C a2r+l'^2s-l S-^d 626364 C 62024. 

The polynomial P in (iii) is y^s— homomorphic since 

63 C and 616264 C 6162 C 62a2^_^ia2^_p 
The polynomial P in (iii) is ^94— homomorphic since 

64 C and 616263 C 6162 C 62a2^_^ia2^_i. 

Essentially, heading 1) allows to select an appropriate form of the polynomial P for every 
given yjj. □ 



^Throughout this lemma we suppose that {i, j, k, l\ — {1, 2, 3, 4}. 
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2) Let us prove (jO^ . By (pTTT^ we have 

60,(620,2* "I" '^2r+l'^2s-l) ~ ^o('^2t "I" ^202^+1023-1) = 

(^aiaft + (64 + e202;^+i02^_i)) = e„(o2t + 64 + eial'^af,) -- 

Ca(02f + Cl02r.02s)- 



Now consider ()4.45j) . Since ej C , by ()4.13j) we have 

/ jl I kj kl \ ( J_ ( _L 

ei(of + efcO*^+iO*'_i)). □ 
3) By (jOKIl we have 



On the other hand 



Ci(ejO^ + cij.'LiO's+i) ~ 

i-e., -Ik- Ik- 

and (jOTjl is true. 

4) By we have 

ei(efc + ejd^)alf_^ = ei{ek + eja^af_^) = 

ei{ek + eialLiQ^s^) = ei{ek + eia^_^)a!l^ = Ciolfa!;^, 

i.e., 

eia%-^af_^ = aalfa!;^. (4.50) 

By repeating ()4.50|) . we see that 

^^j „kl _ „ kj kl 

The lemma is proved. □ 



4.8.2. Coincidence with the Gelfand-Ponomarev polynomials. Let Cq, fao be ad- 
missible elements constructed in this work and Cq, /qo be the admissible elements constructed 
by Gelfand and Ponomarev |GP74j . Since Theorem 14 . 8 . 1 1 takes place for both Ca, fao and 
for eajao |C;P74t Th.7.2, Th.7.3] we have 

Proposition 4.8.3. The elements Ca, (resp. fao) and Ca (resp. fao) coincide mod 9. 

We will prove that this coincidence (without restriction mod 6) takes place for the ad- 
missible sequences of the small length. Recall definitions of and fao from |GP74j . 

The definition of e^, |GP74I p.6] . 

^i„i„-i...i2ii = ^in ^ ] ^/35 (4-51) 

/3ere(a) 

where 

T^{a) = {P = (K-i, ...,k2, kl) I kn-i i {i„, i„-i}, ...Mi {^2, ^1}, and 

kx ^ k2, . . . ,kn-2 kn-\) ■ 
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The definition of f^, [GP74, p.53]. 
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fi„in-l---i2ii0 ^in ^ ^ 



""f^^ (4.53) 

/3Grj(a) 

wliere 

Tf{a) = {P = . . . , fca, /ci) I kn ^ {in, in-i} , ■ ■ ■ , h ^ {i2,ii},h ^ {h} and ^^^^^ 

kij^ k2, . . . ,kn-2 7^ kn-l}- 

Proposition 4.8.4 (Tlie elements Cq,). Consider elements for a = 21,121,321,2341 
(see ^1.9.^) . The relation 

takes place without restriction mod 6. 
Proof. For n = 2 : a = 21. We liave 

621 = 62 ^ ej = 62(63 + 64). (4.55) 

According to §1.9.2l we see tliat 621 =621. □ 
For n = 3 : 1) a = 121, 

Te{a) = {{k^ki) I k2 e {3, 4}, fci G {3, 4}, k^ ^ k2}, 

6121 = 61 ^ 6/3 = 61(634 + 643) = 61(63(61 + 62) + 64(61 + 62)) = 6i4^. (4-56) 

/3ere(a) 

By ^1.9.21 we liave 6121 = 6121- □ 
2) a = 321 = 341. We liave 

Te{a) ={{k2ki) I k2 G {3, 2}, ki E {2, 1}, k^ ^ ^2} = {14, 13, 43}. 

6321 =61 ^ 6/3 = 63(614 + 613 + 643) = 
/3ere{a) 

63(61(62 + 64) + 61(62 + 63) + 64(61 + 62)) = 

63((6l + 62)(62 + 64)(6i + 64) + 61(62 + 63)) = 
63((6l + 62)(6i + 64)(62 + 64 + 61(62 + 63)) = 
63((6l + 62)(6i + 64)(64 + (61 + 62)(62 + 63)) = 
63((6l + 62)(6i + 64)(64(62 + 63) + (61 + 63)). 

Since 61 + 62 C 64(62 + 63) + 61 + 62, we liave 

6321 = 63(614 + 613 + 643) = 63(61 + 62)(6i + 64). (4.57) 

Since 6321 is symmetric with respect to transposition 2 <-> 4 we have 

6321 = 6341 = 63(614 + 613 + 643) = 63(612 + 613 + 623) = 63(61 + 62)(6i + 64). (4.58) 

By ^1.9. 21 we have 6321 = 6321. □ 

For n = 4 : a = 2341 = 2321 = 2141. We have 
r,(«) ={(A;3A;2A;i) | k^ G {1, 4}, k^ G {1, 2}, k, G {2, 3}, k, + k^, k2 + k^} = 

{(123), (412), (413) = (423)}, ^ ' ' 
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and 



62341 =62 ^ ep = 62(6123 + 6412 + 6413) = 

/3ere(a) 

62(61(62 + 63)(e4 + 63) + 64(61 + 62)(63 + 62) + 64(61 + 63)(e2 + 63)) = 
62(64 + 63)(ei(e2 + 63) + 64(61 + 62)(63 + 62) + 64(61 + 63)(63 + 62)) = 
62(64 + 63)(6i(62 + 63) + 64 + 64(61 + 63)(6i + 62)(63 + 62)) = 
62(64 + 63)(6i(62 + 63) + 64). 

By §1.9.21 we have 62341 = 62341. The proposition is proved. □ 



Proposition 4.8.5 (The elements fao)- Consider elements fao for a = 21, 121, 321 (see 
^l.fJ.^} . The following relation 



faO — faO 

takes place without restriction mod 6. 
Proof. For n = 2 : a = 21. We have 

Tfia) = {ik2h) I k2 G {3, 4}, ki G {2, 3, 4}, k^ ^ k2}, 
/210 = 62 ^ 6/3 = 62(632 + 634 + 642 + 643) = 

62(63(61 + 64) + 63(62 + 61) + 64(61 + 63) + 64(61 + 62)) = 

62((63 + 64)(6i + 64)(6i + 63) + 63(61 + 62) + 64(61 + 62)) = 

62(63 + 64)((6i + 64)(6i + 63) + 63(61 + 62) + 64(61 + 62)) = (4.61) 

62(63 + 64)(6i + 64(61 + 63) + 63(61 + 62) + 64(61 + 62)) = 

62(63 + 64)(64(6i + 63) + (61 + 63)(6i + 62) + 64(61 + 62)) = 

62(63 + 64)(64(6i + 63)(6i + 62) + (61 + 63)(6i + 62) + 64) = 

62(63 + 64)(64 + (61 + 63)(6i + 62)) = 

62(63 + 64)(64 + 61 + 63(61 + 62)). 

By ^1.9.21 we have /210 = /2io- □ 

For n = 3 : 1) a = 121. For this case, we have 

r/(a) = {ik3k2ki) I ks G {3,4},A;2 G {3,4},A;i G {2,3,4},A;i ^2, ^2 7^ ^3}, (4.62) 
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and 

/1210 = ei ^ 6/3 = ei(e342 + 6343 + 6432 + 6434) = 
ei[e3(ei + e2)(e4 + 62) + 63(61(64 + 63) + 62(64 + 63)) + 

64(61 + 62)(63 + 62) + 64(61(64 + 63) + 62(64 + 63))] = 
6l[63(6i + 62)(64 + 62 + 63(61 + 62(64 + 63))) + 

64(61 + 62)(63 + 62 + 64(61 + 62(64 + 63)))] = 
61(63(61 + 62)(64 + 62 + 61(63 + 62(64 + 63))) + 

64(61 + 62)(63 + 62 + 61(64 + 62(64 + 63)))] = 

61 [(64 + 62 + 61(63 + 62) (64 + 63))] (4.63) 

[(63 + 62 + 61(64 + 62) (64 + 63))] 

[63(61 + 62) + 64(61 + 62)] = 
61 [(64 + 62) (64 + 63) + 61(63 + 62))] 

[(63 + 62 + 61(64 + 62) (64 + 63))] 

[63(61 + 62) + 64(61 + 62)] = 
61 [(64 + 62) (64 + 63) + 61(63 + 62))] 

[61(63 + 62) + (64 + 62)(64 + 63))] 
[63(61 + 62) + 64(61 + 62)]. 

Since the first two intersection polynomials in the last expression of /1210 coincide with 

(64 + 62)(64 + 63) + 61(63 + 62)), 

we have 

= (4.64) 

6i((64 + 62)(64 + 63) + 61(63 + 62)))(63 + 64(61 + 62)). 

By ^1.9. 21 we have /1210 = /i2io- □ 
2) a = 321. Here we have 
Tf{a) = {{hhh) I h e {1,4},A;2 G {3,4},A;i G {2,3,4},A;i ^ A;2,A;2 ^ ^3} = 
{(132) = (142), (134), (143, (432), (434)} ^ ' 

and 

/3210 =ei X] = 63(6132 + 6134 + 6143 + 6432 + 6434) = 

63[6l(64 + 62)(63 + 62) + 61(64 + 62)(63 + 64)+ (4.66) 
61(63 + 62)(63 + 64) + 64(63 + 62)(6i + 63) + 
64(61 + 62(63 + 64))]. 

Since 

61(64 + 62)(63 + 64) + 64(61 + 62(63 + 64)) = 

(63 + 64)(64 + 62)(6i + 64(61 + 62(63 + 64)) = (4.67) 
(63 + 64)(64 + 62)(6i + 64)(6i + 62(63 + 64)), 
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by ()4.fi(H) we have 

/3210 = 

e3[ei(e4 + 62) (eg + 62) + 

(es + e4)(e4 + e2)(ei + e4)(ei + 62(63 + 64)) + 

61(63 + 62)(63 + 64) + 64(63 + 62)(6i + 62)] = 

63(61 + 62)(6i + 64)[6i(64 + 62)(63 + 62)+ ,^ 

(4.08) 

(63 + e4)(64 + 62)(6i + 62(63 + 64)) + 
61(63 + 62)(63 + 64) + 64(63 + 62)] = 
63(61 + 62) (61 + 64) [61 (64 + 62) (63 + 62) (63 + 64) + 
(63 + 64)(64 + 62)(6i + 62(63 + 64)) + 
61(63 + 62) + 64(63 + 62)]. 

Since 

61(64 + 62) (63 + 62) (63 + 64) C 61(63 + 62), 

by ()4.68p we have 
/3210 = 

63(61 + 62)(6i + 64)[(63 + 64)(64 + 62)(6i + 62(63 + 64)) + 

61(63 + 62) + 64(63 + 62)] = 
63(61 + 62)(6i + 64)[6i(63 + 64)(64 + 62) + 62(63 + 64))+ (4.69) 

61(63 + 62) + 64(63 + 62)] = 
63(61 + 62)(6i + 64)[6i(63 + 64)(64 + 62)(63 + 62) + 62(63 + 64)) + 

61 + 64(63 + 62)]. 

Since 

61(63 + 64)(64 + 62)(63 + 62) C 61, 

by ()4.69p we have 

/3210 = 

63(61 + 62)(6i + 64)(62(63 + 64)) + 61 + 64(63 + 62)) = (4.70) 
63(61 + 62)(6i + 64)(6i + (62 + 64)(63 + 62)(63 + 64)). 

By §1.9.2l we have /3210 = /32io- The proposition is proved. □ 

Conjecture 4.8.6. For every admissible sequence a, the elements 6q, (resp. fao) and 
Ca (resp. fao) coincide without restriction mod 9 (see Proposition 14. 8. 3^ . 

In Propositions 14.8.11 and 1^8.51 this conjecture was proven for small values of lengths of 
the admissible sequence a. 
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Admissible 
sequence a 


Admissible 
polynomial 


Admissible 
polynomial fao 


F21 


(21)*(41)''(31)^ = 
(21)*(31)^(41)'^ 




Ca(c2'3'2( + '^2r+l'^2s-l) ~ 
^a{(^2t ~^ ^l'^2r'^2s) 


F31 


(31)^(41)^(21)* = 
(31)"(21)*(41)'' 


^ „21_41_24 
C3"'2i "2r"'2s-l 


Ca(c3C^2s ~^ ^2r+1^2t-l) ~ 
^a{0'2s "1" ^I'^ir'^i?) 


F41 


(41)^'(31)"(21)* = 
(41)^'(21)*(31)^ 


^4Q'2f Q'2s'^2r-1 


^a{^A0-2r + '^2s+l'^2t-l) ~ 
e fn^'^ J- e n^3„i2\ 


Gil 


1(41)^(31)^(21)* = 
1(31)"(41)''(21)* = 
1(21)*(31)"(41)'^ 




eQ,(eia|^_,_;^ + '22s+i'^2t-i) ~ 

^a{(^2r+l ~^ ^40-25 0-2*) 


G21 


2(41)'(31)"(21)* = 
2(31)'+H41)''"^(21)* 


„ ^34„31 „14 _ 
e2U2t "2s+l"2r-l ~ 

62^^24 '^2s-l'^2r+l 


ea{e2a}^ + '22s+2'^2i-l) ~ 

ea(a^^ + e3a2i_^ia24) 


G31 


3(41)'(21)*(31)^ = 
3(21)*+i(41)^-i(31)^ 


„ ^24„21 „14 _ 
C3"2s"2t+l"2r-l ~ 

„ ^24„21 „14 
C3"2s"2t-l"2r+l 


^ai^sO-lr + ^24+2*^25-1) ~ 
Ga{0-2r ~^ ^2'32t+lQ'2s) 


G41 


4(21)*(31)"(41)'^ = 
4(31)^+H21)*-^(41)'- 


^4'22r'^2s+l'^2?-l ~ 
64'32r'22s-l'^2?+l 


Ca(c4'3'2t + '^2s'^2r+l) ~ 
^a{0'2t "1" ^3Q'2s+l'3'2r) 


Hll 


(14)'^(31)"(21)* = 
(14)'"(21)*+i(31)^-i = 
(13)^(41)^(21)* = 
(13)^(21)*+i(41)^-i 

(12)*+i(41)^'(31)'"' = 
(12)*+i(31)^-i(41)^' 


GlO'2r+l(^2s-1^2t-l ~ 
eiCl2r-l'^2s+l'^2t-l 


l'^> /723 _|_ „24„34\ _ 
t,aytilU2r ' "'2s"'2t/ ~ 

^aifilO'2s ~^ '^2i'^2r) ~ 

A> I'^j /734 _|_ „23„24\ 
eal,ciU2( "T "2r"'2s/ 


H21 


2(14)''(31)"(21)* 


^2fl2r-l'^2s-l'^2t+2 ~ 
G2(l2r-1^2s+1^2t 


ea(e2a^^ + a|Ja|^+J = 

Ca(c2'3'2t+l + '^2s'^2r) 


H31 


3(14)''(31)"(21)* 


„ „14 „21 „24 _ 
e3U2r-l"2t-l"'2s+2 ~ 

„ „14 _21 _24 
'i3'^2r-l"'2t+l"'2s 


ea(e34^ + ai^+iaiJ) = 

Ca(c3'3'2s+l "1" ^2r^2t) 


HAl 


4(14)''(31)"(21)* 


e4a2g_xCt2t-l'^2r+2 ~ 
^'i(^2's-1^2t+1^2r 


Ca(c4'3'2r+1 "1" '^2s'^2t ) ~ 
60,(6402^ + 0'2r+1^2's) 



Table 4.3. Admissible polynomials in the modular lattice 



Notes to Table: 

1) For more details about admissible sequences, see Proposition 14 . 1 . 2l and Table ITTI 

2) For relations given in two last columns (definitions of admissible polynomials Ca and fao)-, 
see Lemma [4.8.21 

3) In each line, each low index should be non-negative. For example, for Line i^21, 
we have: s > 0, r > 0, t > 1; for Line 6*21, we have: s > 0, r > 0, t > 0. 



APPENDIX A 



Modular and linear lattices 



The notion of modular lattice misled logicians and 
mathematicians for decades. . . . most examples of 
modular lattices occurring in algebra and 
combinatorics enjoy the stronger property of 
being linear lattices. Unlike modular lattices, it is 
not known whether linear lattices can not be 
defined by identities alone . . . This lack of an 
abstract definition is perhaps the reason why in 
the past the theory of linear lattices was 
subsumed into the theory of modular lattices. 

Mainetti M., Yan C. H., _MY99, p.l2]. 



A.l. Distributive lattices and Boolean algebras 

A lattice is a set L with two commutative and associative operations: a sum and an 
intersection. If a, 6 G L, then we denote the intersection by ab and the sum by a + 6. More 
frequently the sum of a and b is denoted by a U 6 or a V 6 and the intersection is denoted by 
a (1 b or a A b. Both operations are idempotent and satisfy the absorbtion law: 

aa = a, idempotency of intersection, 

a + a = a, idempotency of sum, 

a{a + b) = a, absorbtion law, 

a + ab = a, absorbtion law. 

The sum and intersection of n elements Oi,. . . ,a„ is denoted, respectively, by 

n n 

tti and Pi I 



n 

i=l i=l 



On the lattice L, an order relation C (an inclusion) is defined: 

a C b <^=^ ab = a or a + b = b. 

A lattice L is said to be distributive if the following two distributive laws hold 

a{b + c) = ab + ac for every a,b,c L, ( \ ^ \ 

a + be = {a + b){a + c) for every a, 6, c C L. ^ ' ^ 

A distributive lattice L is said to be a Boolean algebra if L contains a minimal element 
O and a maximal element / and, for each element a E L, there exists a unique complement 
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a' such that 

aa' = O, 
a + a' = I, 

{aj = a, (A.2) 
(ab)' = a' + b', 
{a + b)' = a'b' . 

An atom a of a Boolean algebra is a minimal nonzero element, i.e., if x C a then, either 
X = O or X = a. An element y is atomless if there is no atom x such that a; C y. A Boolean 
algebra is atomic if there are no atomless elements. 

Fact A. 1.1. Some infinite Boolean algebras do not contain any atoms. All finite Boolean 
algebras are atomic, ; BS81I p. 135], jHalBSj . 

A coatom a of a Boolean algebra is a maximal nonzero element, i.e., if x ^ a, then either 
X = / or a; = a. 

Fact A. 1.2 (Stone, |Stn36p . Every finite Boolean algebra is isomorphic to the Boolean 
algebra of all subsets of a finite set; in particular, the number of elements of every finite 
Boolean algebra is a power of two, |Gr98| Ch.2]. 

A.2. Modular lattices 

A lattice is said to be modular if, for every b,a,c & L, 

aCb =^ b{a + a) = a + be. (A.3) 

The relation ()A.2|) is said to be the modular law. The modular law is sometimes referred 
to as Dedekind's law. Every distributive lattice is modular but not conversely. 

A set of subspaces of the given vector space R (and, of course, submodules of the given 
module M) form a modular lattice, namely if A,B,C C i? and A ^ B, then 

B{A + C) = A + BC. 

Indeed, the inclusion A + BC C B{A + C) holds, because A + BC C A + C and A + BC C B. 
Conversely, let x G B{A + C), i.e., x E B and x = Xa + Xc, where vectors Xa and Xc are 
components of the vector x, such that Xa E A and Xc G C. Then Xc = x — Xa E B, i.e., 
Xc e BC and Xa + Xc e A + BC. 

The main properties of the modular lattices were derived by R. Dedekind |ne1897| . 
|Bir48j . We need the two features of the modular lattice, which are called permutation 
properties of the modular lattice or just permutation properties. 

Proposition A.2.1 (Permutation properties). In any modular lattice L, for every four 
elements A,B,C,D C L, the following two permutation properties hold 

A{B + CD) = A{CB + D)= A{CB + CD) for every ACC. (A.4) 

A + D{B + C) = A + B{D + C) = A+{D + C){B + C) for every CCA. (A.5) 
Proof. By the modular law ()A.2|) we have 

A{B + CD) = AC{B + CD) = A{CB + CD) and 
A{CB + D) = AC{CB + D) = A{CB + CD), 
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which proves ()A.4|1 . Similarly, 

A + D{B + C) = A + C + D{B + C) = A + {D + C){B + C) and 
A + B{D + C) = A + C + B{D + C) = A + {B + C){D + C), 

which proves ()A.5jl . □ 

A. 3. Hasse diagrams 

Hasse diagrams (also called upward drawings) are constructed to clear up the lattice by 
eliminating obvious edges. The vertices are arranged vertically, so the directional arrows are 
implied (always upwards) and omitted. Any edge implied by transitivity is not shown, i.e., 
if there is some element x such that a x ^ b, then the edge [a, b] is not shown on the 
Hasse diagram. On Fig. lA.H two Hasse diagrams are depicted: free distributive lattice Dig 
generated by three generators and free modular lattice M28 generated by three generators. 
Lattices Dig and M28 are finite. Dig contains 18 elements and M28 contains 28 elements. 



X + y + z 0, 




o (K+y)(x+z)(y+z) J> o 




x(y+z) y(x+z) /■^ z(K+y) 




xyz 



o a+b+c 



a+bo a+CQ b+cO 



■28) 




(a+b)(a+c) (f (a+bUb+c) A(a+c)(b+c) 





a+bcO' b + acO, ^o" pc+ab 
^(a+b)(a+c)(b+c) 




^1 \/ 

O^a o'b VP X* ^ 




ab+ac 9v ab+bc vac+bc 




ab O ac o be 



P = (a+bc)(b+c) 
r = (b + ac)(a+c) ^ 
s = (c+ab)(a+b) 



Figure A.l. Hasse diagrams of two lattices: the free distributive 3- 
generated lattice Dis and the free modular 3-generated lattice M28 

For other examples of Hasse diagrams, see 

a) The 64-element distributive lattice H~^{n), Fig. II. 5t 

b) Perfect sublattices in and D^'^'^, Fig. II. 6[ 

c) The 16-element Boolean algebra Un U V^+i, Fig. II. 7| 

d) The Boolean algebras Un and Vn+i, Fig. 13.11 

e) The diamond M3 and the pentagon N^, Fig. IA.2I 

f) 4— dimensional cube D U C, Fig. IA.3I 
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ab = ac = be kz - yz 



Figure A. 2. Two Hasse diagrams: the diamond M3 and the pentagon 

A. 4. A characterization of distributive and modular lattices 

Every distributive lattice L is also modular. Indeed, if a C 6, then 

b{a + c) = ba + be = a + be, 

i.e., ()A.3|1 holds. The converse is false. Consider the diamond lattice M3, see Fig. IA.21 It 
easily follows from the modular law ()A.3j) that the lattice M3 is modular. However, M3 is 
not distributive, because 

c(a + b) = e, but ea + eb = ab, i.e., c(a + 6) 7^ ca + eb, (A. 6) 

see Fig. IA.21 Further, the pentagon Nr, is not a modular lattice, because 

X ^y, y{x + z) = y, x + yz = x, i.e., y{x + z) ^ x + yz. (A. 7) 

The following characterization of modular lattices is well-known |Bir48j . 

Proposition A.4.1. A lattice L is modular if and only if it does not eontain pentagon 
N5 as a sublattiee. 

Proof. According to ()A.7jl L does not contain N^, since is not modular. 

We will show that, conversely, if L is not modular, then 
it must contain a pentagon. Let us suppose that there 
are three elements x, y, z such that 
b 2 a; C 

X + yz y{x + z), (A. 8) 

X + yz C yi^x + z). 
The last inclusion in ()A.8|) is true in every lattice. 




Consider the sublattiee generated by 5 the following elements: 

yz X + yz (1 y{x + z) C x + z and z. 
We will show that this sublattiee is isomorphic to A5. For sums, we have 

X + z C + yz) + z C yi^x + z) + z <^ X + z, 

and therefore 

y{x + z) + z = X + z, {x + yz) + z = x + z. 



A.4. A CHARACTERIZATION OF DISTRIBUTIVE AND MODULAR LATTICES 

For intersections, we have 



91 



zy C z{x + yz) C zy 

since x C y. Therefore z{x + yz) = zy. Besides, z{y{x + z)) = zy. Finally, let us show that 

yz ^ X + yz. 
Suppose that yz = x + yz; then x C y and 

yz = X + yz C y(^x + z) yiyz + z) = yz, 
i.e., X + yz = y{x + z) which contradicts the hypothesis ()A.8j) . □ 

Proposition A. 4. 2 ([Bir48 ). A lattice L is distributive if and only if it does not contain 
sublattices M3 and . 



Proof. According to ()A.7|) . ()A.6|) any distributive lattice L does not contain M3 and N^, 
since M3 and are not distributive. Suppose, conversely, that L does not contain N^. 
Then by Proposition IA.4.T] the lattice L is modular. Let L be not distributive. 



p+r = r+s = p+s = (a+b)(a+c)(b+c) 




I 

o 



p = (ab+c)(a+b) 



s = (bc+a)(b+c) 




We will show that, if L is not distributive, 
then it must contain a diamond. Suppose 
that there are three elements a, b, c that 
sublattice {a, b, c} is not distributive. We 
consider the sublattice generated by the 
following elements p,r,s: 

p = {ab + c)(a + 6), 

r = {ac + b){a + c), (A.9) 

s = {be + a){b + c). 



pr = rs = ps = ab+ac+cb 

Since the modular law holds in L, we have 

p + r ={ab + c)(a + 6) + (ac + 6)(a + c) = (a + 6) (a + c){ab + c + ac + b) = 
(a + b){a + c){c + b). 

Similarly, 

p + s = r + s = p + r = {a + b){a + c){b + c). (A. 10) 

In just the same way, 

pr ={ab + c)(a + b){ac + 6)(a + c) = {ab + c){ac + b) = 
ac + b{ab + c) = ac + ab + be, 

and 

ps = pr = rs = ac + ab + be. (A. 11) 

We will show now that the elements p, r, s are distinct. Suppose, for example, that p = r. 
Then 

p-\-r = p = r = pr 

and 

{a + b){a + c){b + c) = ac + ab + bc (A. 12) 

Consider now the intersection of both sides of the ()A.12j) with a: 

a{b + c) = a{ac + ab + be) = ac + ab + abc = ac + ab. 

Similarly, 

b{a + c) = ba + be, e{a + b) = ea + eb. 
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which contradicts the hypothesis that {a, b, c} is not distributive. □ 

The following proposition shows the equivalence of the two distributivity laws. 

Proposition A. 4. 3. Two following distributivity laws (see ^A.l]) ) are equivalent for an 
arbitrary lattice L: 

(i) a{b + c) = ab + ac for every a,b,c E L, 

(a) a + be = {a + b){a + c) for every a,b,c & L 

Proof. Let us prove the implication (i) =^ (ii): 

(a + 6) (a + c) = (a + b)a + (a + b)c = a + (a + b)c = a + ac + be = a + be. 
Conversely, (ii) =^ (i): 

ab + ac = {ab + e){ab + a) = {ab + e)a = {a + e){b + e)a = a{b + c). □ 

The following criterion of distributivity of the modular lattice is proved by B. Jonnson: 

Proposition A. 4. 4. (|,Jo55, Th.5]) Let A be a modular lattice, p a positive integer, and 
Xi,X2, . . . ,Xp nonempty linearly ordered subsets of A. For the sublattice of A generated by 
the set 

Xi U Xi U ■ • ■ U Xp 

to be distributive it is necessary and sufficient that, for any 

Xi G Xi, X2 G X2, . . . , Xp G Xp, 
the sublattice of A generated by the set {xi, X2, Xp} be distributive. □ 

We use this result for p = 3 in the proof of the distributivity of the sublattice of perfect 
elements H^{n) in Proposition 13 . 1 .21 

A. 5. When the union of two 3D cubes is a 4D cube? 

Proposition A. 5.1. Let D and C be two '^-element Boolean algebras with coatoms 
di,d2,d3 G D, coatoms Ci, 02,03 G C, maximal elements Id & D , I^. E C and minimal 
elements 0^ & D , Oc E C . If the following inclusions hold: 

CiCdi, t = 1,2,3, (A.13) 

diCci + dj, z,jG {1,2,3}, (A.14) 

diCjCci, i j,i,j e {1,2,3}, (A.15) 
then the union D U C is a 16-element Boolean algebra with coatoms di, d2, d^ and Ic. 

Proof. Let us prove that the sum does not lead out of D . 

ceC, de D ^ c + de D. (A.I6) 

Case c = Cj, 1) - 4) 

1) By ()A.14|) di + dj C q + dj = Ci + didj + dj = di{ci + dj) + dj C rfj + dj, i.e., 

Cj + dj = di + dj = Id- (A. 17) 

2) From ()A.17j) we have 

Ci + didj = di{ci + dj) = di. (A. 18) 
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3) Since CjCk C djdk, we get 

Ci + djdk = CiCj + Ci + CjCk + djdk = 
Cj{ci + Ck) + Cj + djdk = Cj + Cj + djdk = Ci + {cj + djdk)- 
According to ()A.18jl we have 

Ci + djdk = Ci + dj = Id- (A. 19) 

4) From ()A.19|) for Od = didjdk we have 

Ci + didjdk = di{ci + djdk) = di. (A. 20) 






Figure A. 3. The 4-dimensional cube D {} C 



Case c = CjCj, 5) - 8) 

5) Since Cj C dj, we get 

Cj I — ^3 ' 

6) From ()A.21j) we obtain 

CiCj + dk = CiCj + CiCk + dk = Ci + dk = h- 

7) Similarly, 

CiCj + didk = di{ciCj + dk) = di. 

8) For Od = didjdk, we have 

CiCj + didjdk = didj{ciCj + dk) = didj 

Case c = CiCjCk —— O^- 

In this case we have c ^ d for every d E D and 

CiCjCk + d = d ioT every d E D. 

Case c = Ic- 

In this case c is the sum of two coatoms q + Cj, here we have also 

Ic + d E D for every d E D. 
We will prove that the intersection does not lead out of C . 

ce C, d e D =^ dc e C. 



(A.21) 
(A.22) 
(A.23) 
(A.24) 

(A.25) 

(A.26) 
(A.27) 
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Cases c = Ci,c = Ic,c = QCj, 9) - 11) . 

9) From ()A.15|) we have diCj C acj. From ()A.13|1 we have CjCj C rfjCj, so 

diCj = CiCj. (A. 28) 

10) From (TOsll we deduce that 

dJc = di{ci + Cj) =Ci + diCj = Ci + CiCj = Ci. (A. 29) 

11) Similarly, 

diCjCk = {diCj){diCk) = CiCjCk = Oc- (A. 30) 

12) Finally, 

didjCk = {diCk){djCk) = CiCjCk = Oc- (A. 31) 

For all other d = didj or for d = didjd^ we also have dc & C for every c G C. 

Complementarity in D U C . 
From (r09ll and (IA.31I1 we obtain 

c. = djdk. (A.32) 

From ()A.22|) and ()A.30|) we have 

< = CjCk. □ (A.33) 

A. 6. Representations of the modular lattices 

In this section we mostly follow definitions of Gelfand and Ponomarev |GP74j . 

Let L be a modular lattice, X a finite dimensional vector space, C{X) the modular lattice 
of linear subspaces in L. A morphism p : L — > is called a linear representation of L 

in the space X. Thus, the representation p : L — > maps every element a G L to the 

subspace p(a) C X such that, for every a,b E L, we have: 

p{ab) = p{a)p{h), p{a + h) = p{a) + p{h). 

Let pi : — > j^iU) and p2 : — > '^(Y) be representations of L in the spaces U and V. We 

put 

p(a) = pi(a) ©p2(a) 

for every a E L, where the subspace p(a) C ?7 © V" is the set of all pairs 

{{u,v) I M G pi(a) and f G p2(a)}. 

This correspondence gives the representation p in the space U (BV. The representation p is 
called the direct sum of representations pi® P2- 

The representation p is said to be decomposable if it isomorphic to a direct sum pi © p2 
of non-zero representations pi and p2. It is easy to prove that the representation p in the 
space X is decomposable if and only if there are subspaces V and U such that X = U ®V 
and 

p(a) = Up{a) + Vp{a) for every-*^ a E L. 

The representation p is said to be indecomposable if there exists an element a E L such 
that 

p(a) ^ t/p(a) + rp(a) 
for every decomposition X into the direct sum X = U ® V . 

Following GP74J we introduce now the notions oi perfect elements and linear equivalence 
relation. The element a G L is said to be perfect if either p(a) = or p(a) = X for each 

^Recall that Up{a) denotes the intersection of subspaces: U p{a) — Ur\ p{a). 
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indecomposable representation p of the modular lattice L, where X is the representation 
space of p. 

Obviously, the sum and intersection of perfect elements is also a perfect element. Thus, 
perfect elements form a sublattice in the lattice L. 

Two elements a,b & L are called linearly equivalent if p{a) = p{b) for all indecomposable 
representations p : L — > ^{X) and we write 

a = b mod 6. (A.34) 

The relation 6 is called the linear equivalence relation. 

We say that a property of L is true modulo linear equivalence if the property is true for 
each indecomposable representation p of L. 

Let p be the representation of the modular lattice L in the vector space X. The subspace 
f/ C X is said to be admissible with respect to p, if one of following two relations hold 

(i)f/(p(a)+p(6)) = f/p(a) + t/p(6), 

(u) U + p{a)p{b) = {U + p{a)){U + p{b)) ^ ' ^ 

for every a,b E L. The equivalence of (i) and (ii) follows from Proposition IA.4.31 

PROPOSITION A.6.1. r |GP741 Prop.2.1]) Let p be a representation of the lattice L in a 
vector space X, let U be the subspace of X, and V : X — > X/U the canonical map. Then 
the following relations are equivalent: 

(1) The subspace U is admissible with respect to p. 

(2) The map x i — > U p{x) defines a representation in the subspace U. 

(3) The mapping x i — > Vp(x) defines a representation in the quotient space X/U . 

Proof. Let us prove the implication (1) =^ (2). If U is admissible with respect to p, then 
Up{a + b) = U{p{a) + p(6)) = U p{a) + Up{b). 

Besides, 

Up{ab) = Up{a)p{b) = {U p{a)){U p{h)). 

Thus, we have a representation in the subspace U . The representation in the subspace U is 
called a subrepresentation of p and is denoted by ptj. □ 

Conversely, (2) =^ (1): 

Puia) + Puip) = puia + b), 

Up{a) + Upib) = Up{a + b) = U{p{a) + p{b)). 

So, we have (|EHi(i)). □ 

Now, consider (1) ^> (3). Set 

z/(a) = p(a) + f/. 
Then (IA.35l fim is equivalent to the relation 

u{a)v{b) = u{ab). (A.36) 
Since, ker V = U, we have Vp(a) = Vz^(a). Further, 

Vz/(a + b) = Vp{a + b) = V(p(a) + p{b)) = Vp(a) + Vp(6) = Vz/(a) + Vz/(6), 
and (3) from Proposition lA.G.Tl is equivalent to the following relation: 

{Vu{a)){Vu{b)) = Vu{ab). (A.37) 
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Thus, we just need to prove that ()A.37|) follows from ()A.36jl . The inclusion 

(Vi/(a))(Vz/(6)) D Viy{ab) 
is obvious, since z/(a6) C z/(a), z/(6). So, it is sufficient to prove that 

(Vz/(a))(Vz/(6)) C Vu{ab). (A.38) 
Let z G Vz/(a) and z G Vi^(6). Then there exist vectors Va G z/(a) and Va G z/(6) such that 

ViVa) = VK) = Z. 

Then, w = Va — Vh & ker V = t/, so 

Vb = Va — w E i^(a) + f/ = i^(a), 

i.e., Vb G z^(a), so 

ff, G z/(a)z/(6) = z/(a6) 
and z G Vz/(a6), and hence ()A.38|) and ()A.37|) are proved. □ 

Finally, consider the imphcation (3) =^ (1). We need to prove that ()A.36|) follows from 
(|X37|l . Let V G v{a)v{b), i.e., 

V G z/(a) = p(a) + f/, and v G = p(6) + U. 

By ()A.37jl there exists w G i^(a6) such that V(f) = V(u;). Therefore, v — w E U and 
f G z/(a6) + U = v{ah). Thus, v{a)v{h) C i/{ab). The inverse inclusion is obvious and ()A.36|1 
holds. □ 

A. 7. A relation between representations of graphs and representation of lattices 

In a sense, representations of lattices are equivalent to the representations of graphs, 
)BGP73] . |Gab72j . We demonstrate this fact on the example of the graph Eq. 

Proposition A. 7.1. Let p he the indecomposable representation of the diagram Eq, 

9l fl /2 92 

Xi — > Yi — > Xq < — Y2 < — X2 

I (A.39) 
P ^3 

T 93 

If Xq 7^ 0, then maps fi and gt are monomorphisms. 

Proof. 1) Let gi be not a monomorphism and G = ker gi. Consider the subspace M in 
X complementary to G in the direct sum Xi = G (B M. Then p is the direct sum of the 
following two subrepresentations: 

M Yi Xo Y2 X2 G 

^3 © (A.40) 

X, 

Since p is an indecomposable representation, we see that p coincides with either the first 
or the second summand in ()A.40|) . Since Xq 7^ 0, we deduce that p coincides with the first 
summand in ()A.40|) and G = in the second summand. Thus, gi is a monomorphism. 

2) Let us prove that /i is a monomorphism. Let K = ker/i and G = Imgi. Consider a 
complementary subspace M to KG in K and a complementary subspace P to KG in G: 

K = KG®M, G = KG®P. (A.41) 
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Figure A. 4. Maps /i and gi. K = ker/i, G = Imgi 

Then, we have 

MG = MKG = 0, PK = PKG = 0. (A.42) 
Since PK = P{KG + M) = 0, we see that the subspaces P, M and KG form the direct sum 

M®P®KG = K + G (A.43) 
Further, there is a complementary subspace D io K + G m Yi. 

Yi = {K + G)® D, i.e., 

Yi = M ® P ® KG ® D OT (A.44) 
Yi = M®G®D. 

3) Since we already proved that gi is monomorphism and gi^{G ® D) = Xi, we see that 
p in the direct sum of following two subrepresentations: 

M G®D Xo Y2 X2 

© ^3 (A.45) 

X, 

Since the representation p is indecomposable with Xq 7^ 0, it follows that M = 0. From 
()A.41|1 and ()A.44jl we see that K = KG and K C G, i.e., ker/i C Imgi, and therefore 

G = K®P, 

n r. (A.46) 

Yi = K®P®D. ^ ^ 

Since 

Xi = g-\K ®P)= g-\K) ® g-\P), 
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we see that the representation p is the direct sum of the following two subrepresentations: 

g-^{K) K 9'\P) P®D Xq 

© Ys (A.47) 

Xs 

As above, the first summand is zero, K = ker/i = 0, G = P = Imgi and /i is monomor- 
phism. □ 

An analog of this proposition for an arbitrary star graph with orientation in which all 
arrows directed to the branch vertex space Xq is also true, as one can show. 

Corollary A. 7. 2. The category of representations of the graph with orientation 
\A.39\) coincides with the category of representations of the lattice L)^'^'^ in non-zero spaces: 

p:L^C{Xo), Xo^O. 

In particular, the Coxeter functors $~ which appeared in the representation theory 
of graphs f |BGP73] . ^GP74j) can be applied to the representations of lattices. The reflec- 
tion functors from |BGP73] can not, however, be used because these functors change the 
orientation of the graph. 

The representation p for which ^~^p = (resp. $~p = 0) is called the projective (resp. 
injective). For every indecomposable representation p, the new indecomposable representa- 
tion ^~^p (resp. can be constructed except for the case where p is projective (resp. 
injective). 

For example, we can construct a new indecomposable representation $+p of Eq except 
for seven indecomposable representations p^^ and Py-, p^^, i = 1,2,3; for them $+p = 0, see 
Table rOI 

By j GP79| Prop. 8,9] the projective indecomposable representations of any graph are 
naturally enumerated by the vertices of the graph and can be recovered from the orientation 
of the graph . 

If p is indecomposable and not projective, i.e., <l>^p ^ 0, then p = $^$+p. 

If p is indecomposable and not injective, i.e., $~p ^ 0, then p = $"'"$~p. 

If p is indecomposable and ($"'")'^p ^ 0, then p = ($~)'^($+)^p. 

If p is indecomposable and ($~)^p ^ 0, then p = ($+)^($^)'^p. 

The representation p is called preprojective if, for some projective representation p, 

($+)'=p = ($+)'=($-)'=p = p, ($+)'^+V = $+p = 0. 
The representation p is called preinjective if, for some injective representation p, 

($~)'=p = ($-)'=($+)'=p = p, (<i>-)'=+v = $-p = 0. 
The representation p is called regular if ($+)'^p 7^ and ($+)'^p 7^ for every k E'L. 

A. 8. The Coxeter functor $+ for D2,2,2 

Let p be an indecomposable representation of Eq in a space Xq and p^ = $^p an in- 
decomposable representation of Eq in the space Xq. According to |BGP73] . the Coxeter 
functor is constructed as the sequence of reflection functors F+, where z runs over the 
vertices of Eq: 

$+n = F+F+F+F+F+F+F+p. 

r a; 1"^ 12 0:3 2/1 2/2 2/3 3:0'"^ ■ 
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110 




112 10 
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13 2 1 
2 
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Py2 


110 




12 11 

1 
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Pys 


10 

1 




12 10 

1 
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113 2 1 
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Px, 


1110 




110 

1 




12 11 
1 
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PX2 


111 




110 

1 




112 10 
1 
1 


Px3 


10 

1 
1 


1110 




112 11 
1 




Table A. 1 . Preprojective representations. Seven representations in the first 
column are projective 

The reflection functor changes only the space Xq to Xq and maps — > Xq to maps 
Si : Xq — > Yi for each i = 1,2, 3. Let 

V : {{r]i,r]2,r]3) \ r]i G Yi} — > ^ Ji(r/i), 

see Fig. IA.51 Then by |BGP73] . we have Xq = ker V from the exact sequence 

— > ker V — >®Yi^ Xq — >Q (A.48) 

and 

S^ ■■ {{Vu V2, Vs) I Vi e Y„ S J,(r/i) = 0} — > r/^. (A.49) 

Now, we have Xq Yi Xj. Applying the reflection functor F^_, we only change the 
space Yi to the space Y^^, the corresponding maps 6i to fii and to Pi for each i = 1,2, 3. 



100 



A. MODULAR AND LINEAR LATTICES 



^1 "^1 5^ ^ 



5, -^2 u ^2 



^1 ''l * '^l *2 



+ 



Figure A. 5. The reflection functor F+ 



So 

— ^ 5i(?7i, 7/2, r^s) + = + lii^i)- 
Then = ker from tlie following exact sequences, where i = 1,2,3. 

— > ker V, — > ®Xi^Y, — ^ 0. 

We have, 

=kerVi = 

^ X,. Here /i, : Y^ X], 
IJ'iiiVi,V2,V3),^i) = iiVi,V2,V3) \Vk ^Yk, ?7i + Ji(^i) = 0, SJfc(77fc) = 0)), 

fJ'2iiVl,V2,V3),^2) = iiVl,V2,V3) \Vk ^Yk, ?72 + /l(6)=0, SJfc(?7fc) = 0)), 
/U3((^?l, V2, ^?3), 6) = ((^1, ^72, ^73) I Vk e Ffc, r]3 + /i(^3) = 0, T.Jk{T]k) = 0)). 



and ^ r> 



(A.50) 
(A.51) 



(A.52) 



X 



1 Ii ^1 5i 



5^ 2 



X 



1 E "1 111 



■xi 



- jj^ 



X, 



Figure A. 6. The reflection functor F+F+F+F+ 

tJo y2 yi •'-'0 

Remark A.8.1. In any representation of the lattice D^'^'^, the maps Ik and are 
monomorphisms and we have rji = —^i in (jA.Slll . i.e., rji G Aj. In other words, 

V2, ^73), 6) = ((-6, ^2, Vs) I Vk e Yfe, ^1 G Ai, Sr^fc = 0)), 

/i2(('7i, ^72, ^73), 6) = (('7i> -6, ^3) I ^fc e Yfc, 6 e A2, S?]^ = 0)), (A.53) 

^^3{{vu V2, ^3), 6) = {{vi,V2, -6) I Vk e f^, ^3 e A3, Sr/^ = 0)). 
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and Im/ij = G'iX^. This proves that ()2.2|1 from §2.11 is well-defined. 
Further, 
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ker Pi 







(A.54) 



and X} = ker Pi, where 

A((^l,^2,^3),^3) 



(^1 I Vk e Yk, m + = 0, J^JkiVk) = 0)), 

(6 I Vk e Yk, V2 + = 0, J^JkiVk) = 0)), (A.55) 

(6 I Vk e Yk, V3 + /ife) = 0, SJfc(r7,) = 0)). 

Remark A. 8. 2. For any representation of the lattice D^'^'^, the maps Jk are monomor- 
phisms, therefore 

ker Pi = {{{0,r]2,V3),0) \ Vk e Y^, Sr^^ = 0)}, 

kerP2 = {((^7i,0,r/3),0) e n, ^Vk = 0)}, (A.56) 
kerP3 = {((r7i,r72,0),0) | 7]k e Y,, J^r]^ = 0)}. 

Since 



1^1 



X, 



1 ^ 



A 
Q3 



Q2 



X 



1 E "1 111 



= f+f+f/f+f+f+f+p 



\ F+F+F+F+p 

P3 -^3 h ^\ ^0 



X, 



Figure A. 7. The Coxeter functor $+ 

/ii(5i(kerPi) = {(0,772,773) I Vk e Ifc, S?7fc = 0)}, 

//2Q2(ker P2) = {(r/i, 0, r/3) | r/^ G n, Sr/^ = 0)}, (A.57) 

/X3Q3(kerP3) = {(r^i, 7^2,0) | Vk e Ifc, Sr^fc = 0)} 

and Im(/ijQj) = H' iX\, it follows that ()2.3|) from ^2.11 is well-defined. 

A. 9. Linear lattices 

In this section, we mostly follow the definitions of the linear lattices from works of 
M. Haiman |Hai85j and M. Mainetti, C. H. Yan |MY99| . 

A set 71 of non-empty pairwise disjoint subsets such that their union coincides with A is 
said to be a partition of the set A. The elements of vr are called blocks of the partition tt. If 
elements a,b & A lie in the same block vr, we write 

a = b mod vr, or a = b^n), or anb. 

Proposition A. 9.1. There exists a bisection between partitions vr of the set A and equiv- 
alence relations Rt, on the set A. 
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Proof. Given a partition vr, we define the equivalence relation i?^ on the set A as follows: 

<a,b>ERn <^=^ anb, or f A 58) 

Conversely, if R is an equivalence relation, then the partition vr is defined to be: 

= {\a]R\ae A}. □ (A.59) 

Proposition A. 9. 2. The set of partitions Part(A) of set A constitutes a lattice called 
the partition lattice. 

Proof. Let vti, be partitions of A: 

Hi = y^n{, where tx{^ fl tt^^ = for all Si, S2 G 5", 

= y Ti\, where 7r*i n vr*^ = for all ^1,^2^ T. 

For two partitions tti and 112, their intersection, inclusion and union are defined as follows. 
Blocks of intersection are pairwise intersections of blocks of tti and 712- 

n TTs = IJ {71I n vr*), for alls e S,te T. (A.60) 

ses,t<=T 

Every block of tti C 7T2 is included in some block of 712. 

VTi C 7r2 = {x = y(7ri) ^ X = Z/(vr2)}. 
The union tti U TT2 is the intersection of all partitions vr containing both tti and 712. 

TTi U 7r2 = TT. □ 

■""1 i''"2C7r 

For more details concerning the partition lattice, see |Gr98| Ch.4]. 

Corollary A. 9. 3. The set of equivalence relations {Rjr} constitutes the lattice of equiv- 
alence relations Re\{A) isomorphic to the partition lattice 

Rel(A) ~ Part(A). (A.61) 
Proof. It follows from Propositions IA.9TT1 and IA.9.21 □ 

Consider now commuting equivalence relations. Composition RoT of relations R and T 
is defined as follows: 

x{R o T)y if and only if there exists z & A such that xRz and zTy. (A. 62) 

Two equivalence relations R and T are said to commute^ if 

RoT = ToR. 

Definition A.9.4 f |M Y99| . |M Y2000| V A linear lattice is a sublattice of the lattice 
of equivalence relations (~ partition lattice) on a set, with the property that any two equiv- 
alence relations in the sublattice commute, in the sense of composition of relations. 



^It is easy to give an example of non-commuting equivalence relations: if R is "father of" and T is 
"mother of" , then R and T do not commute, since RT is "maternal grandfather of" and TR is "paternal 
grandmother of", jBz2001j . 
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The classic example of the linear lattice is the lattice of subspaces of a vector space V. 
Any subspace S C V determines an equivalence relation Rs on our vector space, given by 
letting 

x{Rs)y if and only ii x — y & S. (A. 63) 

Proposition A. 9. 5. 1) All equivalence relations produced, as in IIA.6S\) . by subspaces of 
the vector space V , commute. 

2) Commuting equivalence relations given by \A.63\) constitute the linear lattice. 

Proof. 1) We have 

x{Rsi o Rs2)z if and only if x — y & Si and y — z & S2 for some y. (A. 64) 

By ()A.64j) . we have 

x-zeSi + S2. (A.65) 
Conversely, suppose x — z = si + S2, where si G Si and S2 G 5*2. Let y = z — si. Then 

X — y = X — z + si = S2 E S2, and 
y — z = z — Si — z = —Si G 5*1. 

Thus, by ^EEB, (fX^ and ^KM), we see that 

x{Rsi o Rs2)z if and only if x — 2; G 5*1 + 5*2. 



(A.66) 



Similarly, 
and therefore 



x{Rs2 o Rsi)z if and only if x — 2; G 5*2 + 5*1, 
x{Rsi o Rs2)z if and only if xi^Rs^ o Rsi)z, 



I.e., 



Rs,oRs2=Rs2oRs,=Rs,+S2- □ (A.67) 

2) By definition ()A.9.4|1 it suffices to prove that the commuting equivalence relations 
defined by ()A.63|1 constitute a lattice. The equivalence relation corresponding to the sum of 
subspaces 5*1 + S2 is defined by ()A.67|) . 

By ()A.9.4|) blocks of the partition tts, corresponding to the equivalence relation Rs are 
cosets V/S. In other words, the partition consists of the blocks vr^ as follows 

T^s = {t^s \ X - y ^ '^s x-y e S}, 

By ()A.60|1 the partition corresponding to the intersection of two relations Si and 5*2 consists 
of cosets V/{Si n 5*2), and 

i.e., 

Rsi n Rs2 = Rsins2- n 

Remark A. 9. 6. There are lots of linear lattices. Proposition IA.9.51 can be generalized 
to groups. Given any group G, each normal subgroup H determines an equivalence relation 
on G, which we call Rh, such that 

x{RH)y if and only if xy~^ G H. 

So the lattice of normal subgroups of G becomes a linear lattice. Similarly, lattices of ideals 
of a ring are also linear lattices, see Fig. 11.11 
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Definition A.9.7 ( |.To53j . |Sch45j ). Let oq, ai, 02, 60, &2 be elements of the modular 
lattice L, and let 



i + aj){hi + hj) for < i < j < 3, 



(A.68) 

z — 2:01 (2^02 + ^12)- 

The identity 

(ao + 6o)(ai + &i)(a2 + ^2) ^ ao(z + ai) + &o(2: + &i) (A.69) 
is called the Arguesian law and lattices satisfying the Arguesian law are called Arguesian 
lattices. For another version of the Arguesian law, see [MY20 001 p. 3] and [Hai^j. Iden- 
tity (jXHoji is a lattice-theoretic form of the Desargues theorem of projective geometry, see 

jSEEiSl, !MY2nnni p.2], [gTqsI ch.4]. 

Remark A. 9. 8. Every Arguesian lattice is modular, see jJo54| Th.1.9]. There exists 
modular lattices which are not Arguesian, see |Gr981 Ch.4.^5]. Linear lattices are Arguesian, 



but the converse is not true: in ^HaiQl] M. Haiman constructed a family of Arguesian lattices 
which cannot be represented as linear lattices, see fKY2003l, see Fig. II. 1[ 

A. 10. Grassmann-Cayley algebras and modular lattices 

A. 10.1. A Peano space and the bracket. A Grassmann-Cayley algebra (or double 
algebra) is essentially the exterior algebra of a vector space, equipped with two operations, 
joi-n} V and meet A, which are the algebraic analogs of the union^ U and intersection fl of 
subspaces of a vector space: 

the join V < > the union U ( the sum -|-) , . . 

the meet A < — > the intersection fl \ ■ J 

These operations were introduced by Grassmann [GrallJ, under the name of progressive 
and regressive products. In works of G.-CRota and his coworkers, the Grassmann work has 
been recognized and extended, see 'DRS76 , [B BR85j . 

Barnabei, Brini and Rota |BBR85, p. 121] write "To the best of our knowledge of 
published work, the first mathematicians to understand, albeit imperfectly, the program 
Ausdehnungslehre ^ were Clifford and Schroder, first, and later A. N. Whitehead, Elie Cartan, 
and best of all Giuseppe Peano. ... It was Schroder, in an appendix to his Algebra and Logik, 
who first stressed the analogy between the algebra of progressive and regressive products, 
and the algebra of sets with union and intersection." 

By analogy to a Hilbert space endowed with a symmetric bilinear form {x,y), called 
the inner product, and to a symplectic space endowed with an antisymmetric bilinear form 
[x, y] , a Peano space is a vector space V of dimension n, endowed with an antisymmetric 
non-degenerate multilinear form [xi, . . . , x„] defined for Xi G V, called the bracket [BBRS^. 

^The classical Grassmann algebra is the exterior algebra of a vector space, equipped with only one 
operation, the wedge product A. Barnabei, Brini and Rota BBR85, p. 127] write "The product in the 
exterior algebra is called the join and is denoted by the symbol V. We note that the usage is at variance 
with ordinary usage, where exterior multiplication is denoted by the wedge A. This departure from common 
usage will be amply justified in the sequel." For motivation of the usage the symbol V, see !]A. 10.21 

^This lattice-theoretic operation union U does not coincide with the set-theoretic operation union U. For 
vector spaces, the operation union U is the linear span of the union U as follows: 



Ali B ^ AUB. 

The equivalent notation frequently used instead the operation union U is the operation sum +. 

■^Grassmann's program Ausdehnungslehre refers to 1844, see iiGrall| . The English translation of Aus- 
dehnungslehre is geometric calculus. Grassmann's idea was to develop a calculus for the join and meet. In 
^BBR.SS] authors consider Grassmann's geometric calculus and its relevance in invariant theory. 
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The group of all linear transformations preserving the bracket is SL{V), the special linear 
group. The algebra of S'L(V^)-invariants is generated by brackets (the first fundamental 
theorem of invariant theory, see ,Weyl46, Th. II. 6. A]) or DoI2003t Th. 2.1]). 

Let K be the ground field. A bracket (of step n) over the space is a non-degenerate 
alternating n-linear form, i.e., a function 

where vectors Xi, . . . ,Xn lie in the vector space V, with the following properties: 

(1) [a;i, . . . , Xn] = if at least two among the x's coincide; 

(2) for every x,y E V and a, P & K 

[xi, . . . , Xi-i, ax + Py, Xi+i, . . . , = (A. 71) 

. . . , Xj_i, X, . . . , Xfi\ ~\~ ... 5 Xi—i, y, Xj_|_i, . . . , Xn\i 

(3) there exists a basis {bi, . . . , 6„} of V such that . . . , 6„] ^ 0. 

Let F{V) be the free associative algebra with unity over K generated by the elements of a 
Peano space V. The exterior algebra E{V) of the Peano space V is obtained as the quotient 
of F{y) modulo the ideal generated by f^, for all f G V^, see, for example, (MY99t Def. 2.1] 
or [BBR851 Prop. 3.6]. For further properties of the exterior algebra see, e.g., |Gre67j . For 
exterior Grassmann algebra in the context of supersymmetries, see, e.g., |Ber87j or |L05j . 

Let 

$ : F{y) E{y), 

denote the canonical projection. If X1X2 ... is a word in F{y), we denote its image by 

$(xiX2 ...Xk) = xi V X2 V • ■ ■ V Xfc. (A. 72) 

The element Xi V X2 V • ■ ■ V x^ is called an extensor of step k, or decomposable antisym- 
metric tensor or decomposable k-vector. The join of two extensors is an extensor. A linear 
combination of extensors of step k is called an antisymmetric tensor of step k, |BBR85] . 

Proposition A. 10.1. (Properties of the join, BBR85, Prop. 3.1-3.4]) 1) For every 
permutation a of {1,2, k} we have 

Xaii) V x^(2) ■ ■ ■ V x^(fc) = sign(a)xi V X2 • ■ • V x^. (A. 73) 

2) Let Ekiy) be the subspace of E{y) generated by all extensors of step k. Let A G 
Ej{y),B EkiV). Then 

By A= {-ly'^Ay B. (A.74) 

3) dimEk{V) = forO<k<n, and hence dimE{V) = 2". 

4 ) Let B be a dimension k > subspace of V , let {xi, X2, . . . , x^} and {yi, 7/2, ... , yk} are 
two bases of B. Then 

xi V X2 ■ ■ ■ V Xfc = Cyi V 7/2 ■ • • V (A. 75) 

for some non-zero scalar C . 

By Proposition IA.10.11 heading 4) there exists one-to-one correspondence (up to non- 
zero scalar multiple) between non-trivial subspaces of V and non-zero extensor uniquely 
representing this subspace. Such a representing extensor is said to be associated to the 
subspace. 
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A. 10.2. Motivation of the usage the symbol V. Here we formulate the main prop- 
erty of the operation join V connecting it with the lattice-theoretic operation sum -|- (or, 
equivalently with the union U), see ^BBR85| Prop. 3.5]. 

Proposition A. 10.2. Let A, B he two subspaces ofV associated to extensors F and G, 
respectively. Then 

(i) Fy G = if and only ifAnBj^O; 

(a) if A n B = 0, then the extensor F M G is assosiated to the suhspace generated by 
A + B. 

Reformulate Proposition lA. 10~2l as follows. Let 

' (A.76) 

and F (resp. G) denotes the linear span of extensor F (resp. G). 
If vectors 

/l; /2, • • • , fj, 9l, 92,---,9k 

are distinct and linearly independent, i.e. F fl G = 0, then 



FyG = F + G. (A.77) 

Thus, the join operation V on extensors represents the geometric operation of the lattice 
sum of subspaces of V at least for independent vectors. This is one of motivations to use 
the symbol V. 

Another motivation is a discovery of a class of identities that hold in the exterior algebras, 
which turn into the classical theorems of projective geometry on the incidence of subspaces 
of projective spaces, and therefore to identities in modular lattices, see ()A.70jl . 

For more details concerning these identities, see Haw94j , [Haw96j , |.MY2000j , |MY99j . 

Theorems such as Desargues, Pappus, Bricard, and Fontene of classical projective geom- 
etry are revealed to be expressible as simple and elegant identities holding among joins 
and meets of extensors in the framework of the Grassmann-Cayley algebra, IBBRSS] . 
|MY99j . |MY2000j . We suggest to call the transformation of modular lattice polyno- 



mials to Grassmann-Cayley algebra polynomials and vice versa by the substitution ()A.70|) 
the Rota rendering. The Rota rendering establishes a connection between the theory of 
Grassmann-Cayley algebras and the modular (and even linear) lattices. 

A. 10.3. The meet. A similar operation on extensors should be defined for the lattice 
operation intersection of two subspaces. This is the meet operation. Let extensors F and G 
are given by ()A.76j) with j + k > n, where n is dimension of a Peano space V . Then 

F AG = ^sign(o-)[a<^(i), . . . , a^(^d-k),bi, . . . ,bk]a^(d-k+i) ■ --a^ij)- (A. 78) 

The meet is associative and anti-commutative in the following sense ( |BBR85| Prop. 
4.4]): 

FAG= (-lY'^-^)('^-j)G A F. (A.79) 

Both the join and meet are defined on extensors only, but the definitions are extended 
to arbitrary elements of E{V) by distributivity. 
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Proposition A.10.3. r[RB R85l Prop. 4.3], [MY99, Prop. 2.5]) 1) We have 

F A G = if and only if F + G does not span V. 

2) If F + G spans V, then^ _ _ 

YXG = FnG. (A.80) 

Thus the meet operation corresponds to the intersection fl. A basis {ei, . . . , e„} in the 
space V is said to be unimodular if [ei, . . . , e„] = 1. The extensor 

E = ei V 62 V ■ ■ ■ V e„ 

in E{y) is called the integral. Indeed, it corresponds to the Berezin integral on supermani- 
folds, cf. |Ber87j . |L05j . The integral is well defined and does nor depend on the choice of 
a unimodular basis. 

A. 10.4. Note on Howe-Huang projective invariants of quadruples. Projective 
invariants of quadruples were obtained by Howe R., Huang R. in [HHQ^. They gave an 
explicit set of generators for the ring of invariants of a set of four subspaces in a projective 
space. 



Remark A. 10.4. For other results in this direction, see |Gro98j . plinSO]. In |Gro98j 



Grosshans gave a complete description of the relationship between invariants and quadruples. 
Invariants of the tame quivers were obtained by Ringel in |R,in80j . 

Among projective invariants of quadruples obtained by Howe-Huang, the invariants of 
type HI ([ HH96if Th. 14]) can be transformed to the polynomials fcciEi, £'2,-^3, £'4) in four 
subspaces Ei, E2, £3, E4 under the join V and meet A in the framework of the Grassmann- 
Cayley algebra. The transformation of Howe-Huang projective invariants to polynomials 
fcciEi, E2, E3, £4) is performed by means of the Cayley factorization in the sense of |Wh91j . 

Further, applying the Rota rendering ()A.70|) to fcciEi, E2, E3, E^), we get polyno- 
mials fML{Ei, E2, E3, E4) in the modular lattice V^. It may be shown that polynomials 
fML{Ei, E2, E3, E4) are admissible elements in D^. 



Compare with l)A.77|l . 



APPENDIX B 



A proof of the theorem on admissible classes 



We will briefly write 

a b instead of (y9j$^p(a) = 

a h c instead of (y9j$^p(a) = p(6), ^pj^^ p{b) = p{c), 

a b. . .c t-^ d instead of (pi^^p{a) = p{b), . . . , (pj^^p{c) = p{d), 
see (Hm), (IBH) . 

B.l. A proof of the theorem on admissible elements in lattice D^ ^.^ 
We will now prove the main property of admissible elements. 

Theorem I2.12.T] Let a = i„i„_i ... 1 be an admissible sequence and i in- Then ia is 
admissible and, for Za = fa,Ga,gao from the Table \2.^ the following relation holds: 

'^i^+pi^z^) = p{zi^). (B.2) 

Proof of Theorem \2. 12. 1\ For the cases of Lines 1-6, it suffices to prove only 



z. 



'^' z^^ and 2:37 ^ 2;(i3)^, (B.3) 



■7 



because the relations 



V2 ^2 
2^(13)7 ' ^ ^(213)7 ' ^ ^3(213)7 ' ^ ^13(213)7 ' ^ 2;(213)(213)7 

follow from ()B.3|1 as the permutation 1 — > 3 — > 2 — > 1 is applied to Lines 1-3 of Table 

10 from ^rm 

B.1.1. Case z^ h^^> z^^. 



(F) Line 1. We will show that 



/7 ' 737; 

Applying Corollarv 12.4.41 to ?/i?/2 and Corollary 12. 7.41 to a]^^ and A^_^ we have 

?/i2/2 1/3(1/1 + 1/2), 



:b.4) 



a 



13 , V'S^ _ .23 



, . • l/3Af , (B.5) 
1/3(1/1 + l/2)af_i. 

Since a^^ and A'^_^ are the (^93— homomorphic polynomials (Theorem 12.8. Ij) . we see that 
"intersection of relations" ()B.5|) gives us relation ()B.4|) . If g = 1, then 



^ 1/3(1/1 + y2)Af C y^{y, + 1/2) 



and we have the same "intersection of relations" . □ 
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(E) Line 1. We want to show that 

p -,,,/l32 ^21413 13/^ 31 4I2 12423 _ 

By Corollary 12 . 7.41 we have 

21 ,12 
y2aq I ^2/3^5+1, 

^f_i ^1/3(2/1 + y2)ati, 
4'-^l/3(z/i + ^2)af 



:b.6) 



(B.7) 



Since a^^,Al^_^ are ^93— homomorphic and A]? is (793, ?/2)~homomorphic f Theorem 12.8. Ij) . 
and y3A^^^ C ?/3(?/i + X2), we see that ()B.6|) comes out from ()B.7|) . As in the previous case, 
we have the same result for g = 1. □ 
(G) Line 1. It will be shown that 

•PS 

g^Q = e^{xi + afAf) ^ 63^(2/21/3 + ^faf) = 93,o- 

By (jB.6j) we have 67 t-^^ 637. By basic relations p. 4.11) and atomic multiplicativity p.5.2|l 
we have 

U^i + afAf) = ^3(xi) + naf)MAf). 
According to Proposition 12.7.1) fthe joint map actions) we obtain 



ifsixi + afAf) = u\y2y3) + u^y^Afiy^iyi + y2)af)) = u\y2y3 + y^Afaf^ 



Therefore by Proposition l2.4.3l fthe connection) we see that Xi + a^^A^^ is ^93— homomorphic 
and 

xi + afAf ^ 2/22/3 + yzAfaf = 2/3(2/22/3 + Afaf). 



By ()Ri)|l 637 C 2/3, hence we get (jRHj)- □ 
B.1.2. Case zs-y -2(13)7- 
(F) Line 2. We will show that 

J37 I ^ /{13)75 

/37 = ysi^i + X2)Afal\^ ^ 2/32/iaq+i^fc-i- = /(i3)7 



(B.9) 



By Corollary EU 



Xi+X2^ 2/1Z/3, 
l23 , V'l „, ^32 



ysAf ^ 2/iaSi' (B-10) 

^fe-i yiAl\. 

As above, al^_i and xi + 0:2 are y^i— homomorphic (Theorem 12.8.111 then "intersection of 
relations" ()B.10|1 gives us relation ()B.9j) . For A; — 1 = 1 we have a^^j^ 2/1(1/2 + 2/3)^i-i- 
Since a^^i C 2/2 + 2/3, we have the same result. □ 



B.l. A PROOF OF THE THEOREM ON ADMISSIBLE ELEMENTS IN LATTICE D^-^'^ m 

(E) Line 2. It will be shown that 



637 ' ^ 6(13)-,,, 

c _ „ „31 412 ^12/l23/fl „ a21 /l32^32 _^ 

By Corollary 12 . 7.41 we have 



:b.ii) 



(B.12) 



The atomic elements a^^i, a}^ and ^^+1 are <^i— homomorphic fTheorem l2.8.ip . Then ()B.11|) 
follows from ()B.12j) . As in the previous case for /c — 1 = 1 we have the same result. □ 
(G) Line 2. It will be shown that 



fl'370 ' ^ ^7(13)70! 



(B.13) 



^37 = 637(2/22/3 + Afaf) ^ e(i3)^(x3 + af^-^Af) = ^(13)^. 
Relation ()B.13|1 follows from 

2/22/3 2/1(3^2+3:3), 

<^ 2/1(2/2 + 2/3)a;^ (B.14) 
af ^ yiAf 

since 

2/1(3:2 + 2:3) + 2/1(2/2 + 2/3)af = 2/1(2/2 + 2/3) (3:2 + 2:3 + 2/iaf ^fc^) = 
2/1(2/2 + 2/3) (^fe^ (2:2 + yiaf) + X3) = 1/1(1/2 + l/3)(^f a^+i + ^3) 

and 6(13),^ C yi{y2 + ys). Again, as in two previous cases if A; = 1 for af^, then 

af-^ 2/1(2/2 + 2/3) 

with the same result. □ 

We will omit the case 1 — ^ yj {Vi + yk)A\^ (Corollary EZH (2), A; = 1) for all further 
cases of the theorem. As above, for the cases of Lines 9 - 14 it suffices to prove only 

Zf3 ^ Z3f3 and z^^j ^ ^\z)fi-, (B.15) 

because the following relation 

^2 ^PS VI Vi 
2^(13)/3 I ^ ^(213)/3 I ^ 2;3(2i3)/3 I > Zi^21Z)l3 ' ^ ^(213)(213)/3 

follows from ()B.15jl as the permutation 1 — > 3 — > 2 — > 1 is applied to Lines 9 - 11 of 
Table ESI We will omit references to the y?— homomorphic Theorem (Theorem 12.8. ip and 
"intersection of relations" in ^^IB.l.HlB.1.21 
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B.1.3. Case zp z^p. 

(F) Line 9. It should be shown that 

J 13 I ^ J 313, 

r 21 ^13 ,12 12 J- 

ff3 = y2y3% ^fc I — > a;3v4^+iafc = hp. 
The following relations are true f Corollary I2.7.4j) : 



2/3 ^ x^{yi + ya), 
y2af ^ 2/3^g+i ^ X2 + 
y2Af ^ y^{x2 + yi)af. 



Then iRTfil follows from lRTTI n 

(E) Line 9. We want to prove that 

I — ^ 63^, 

p _ „, 432^21413^13 Jf3„, ^31412 „12 423 

It follows from the following relations f Corollary I2.7.4|) : 

Af ^ y^iy^ + y2)al\ 

21 'fi'i a12 r- I 

y2aq I > 2/3^9+1 ^X2 + yi, 

y2Af ^ y^{x2 + yi)af, 
a;ti^y3<i. □ 
(G) Line 9. We need to show 

9(3^ /3/30, 



We haye 



and 



ep{x2 + af = e^(a;2 + y2afAf^^) 



63/3(2/12/3 + Ofc+i) = 63/3(2/12/3 + 2/3(2:2 + 2/i)^f 4li)> 



and the following relations (Corollary I2.7.4jl are true: 



V3 

X2 I — > 2/12/3, 



< ^ 2/3^^^ 

1/2^13^1 ^ y;{x2 + 2/i)afc+i C A}^ C 63/3- 
Then relation (|R2njl follows from the (|R2T]l . □ 
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B.1.4. Case z-^p ^^(la)/?- 

(F) Line 10. It will be shown that 

hp ' — * J{i3)p, 

hp = XaAll-^al^ ^ yi^saj+i^f = /(i3)/3- 
The following relations are true (Corollary I2.7.4j) : 

1 — ^ ym, 
^Si^z/i(i/2 + i/3)^;+i, 

Then ^Bl2^ follows from (jR23l). □ 
(E) Line 10. It will be shown that 



63/3 I ^ Hl3)f3, 

^31/112 ^12/123 , yi , „. /l21^13 432^32 _^ 

The following relations are true (Corollary 12. 7. 4p 

All,^y,iy. + ys)All,, 
4^ ^ Af Cy, + y,, 
ysAll, ^ yiaf,^. 



Then flB:24|l follows from dESD). □ 
(G) Line 10. It will be shown that 



93130 I ^ 5'(13)/30, 



We haye 
and 



c/3/30 = espiym + A^ Ofc+i) I — > e(i3)^(xi + a^+iA^-^J = ^(13)^0- 
espiym + flfe+i) = 63/3(2/12/3 + ysAfall,) 



e(i3)i3{xi + all^All-^) = e(i3);3(xi(x3 + 2/2) + yiaj+i^^+i)), 



so the following relations f Corollary I2.7.4|) are true: 



yWs ^ 2:1(2/2 + 2/3)2/1(2:3 + 2/2) = a;i(a;3 + 2/2), 
2/3v4f 2/1^9+1 ^ 2:3 + 2/2, 

^12 Jfi 432 

"fc+i ' ^ 2/i^fc+i- 

Then Ir:26|) follows from (fOTjl . □ 
Now, we will proye 

Line l (p = 0) 1-^^ Line 7 Line 9 (p = 0) Line 8 Line l (p = 0), 

<fl ^2 VI ip2 r I- 

Z(21)2fc I ^ 2;i(21)2fe I ^ 2;(2l)2fc+i I > 2;i(2i)2fc+i 1 ^ 2;(2i)2fc+2 tor Za — Ja,^a,9a0- 
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B.1.5. Case -2(21)2*: ;Zi(2i)2fe. 



(F) Line l(p = 0) 1 — ^ Line 7. We will prove that 

/(2l)2fe /l(21)2fc, 



(E) Line 1 = 0) 1 — ^ Line 7. We will prove that 

e(2i)2fc I — > ei(2i)2fe, 

_ /l32 ^21 /|13^13 , „, /i31^12 /i23^23 _ ^ 

e(2i)2fe - y2^fc-i% «fc ' — ' yi^k % ^fc % - ei(2i)2fe. 
The following relations are true (Corollarv I2.7.4j) : 

Al^ ^ yi{y2 + y3)al\ 
al"" ^ y,Af Cy, + y,. 

Then flRall follows from (lR32|l . □ 

(G) Line 1 (p = 0) Line 7. We need to show 

VI 

5'(21)2'=0 ' ^ 5'l{21)2''-0; 

/ 32 4 32\'^i / 21 31\ 

5'(2i)2'=o = e(2i)2fc(xi + ttf^ ) I — > ei(2i)2fc(y2afc + ^3^^ j = 5'i(2i)2'=o- 
Since = Z/a + a;2^fcii and X2 C a^^, we see that al^Al^ = ^2^4^^^ + ysaf^ and 
a^i + «f = (a^i + 2/3af ) + a;2^fcii = 4+1 + X2Alt,. 



(B.29) 



/ _ „ ^13 a32 , VI , ^ /l23^23 _ / 

7(21)2'= - ?/i?/2afe ^fe-i I — ^ XiA^ - /i(2i)2fe. 
The following relations are true (Corollarv I2.7.4j) : 

yi a;i(?/2 + Z/3), 

4' ^ ^ 2/2 + 2/3, (B.30) 

y.Af ^ y,Af. 
Then (Ir:29|1 follows from (fCT)]) . □ 



(B.31) 



(B.32) 



:B.33) 



The transformation is well-defined because /c > (see Table l2T3|l . Further, since e(2i)2fc C 
Af_^ (by Table Q, we have 

6(21)2. (xi + afAf) = 6(21)2.(4^+1 + a;24-i) = e(2i)2fe(x2 + 4+i4-i)- (B.34) 

Apply now ipi. The polynomial X2 + ak+iA^^_^ is (/9i— homomorphic because xi C a]^j^^A]^_^. 
We get 

6(2i)2fc I > ei(2l)2fc, 

V\ 

^2 ' ^ VlVs, 

(B.35) 

4+1^2/l^f+1^2/2+2/3, 
|13 , „, ^„. I „, \^12 



Afeii ^1/1(2/2 + 2/3)4-1. 
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Since ei(2i)2fe+i C y^, we get 

e(2i)2fc {xi + afAf) ^ ei(2i)2fc+i {yiVs + yiAl%-^al\) = 61(21)2^+1 (2/12/3 + ^fc+i4-i)- (B-36) 
Since ei(2i)2fe+i C a^^i, we have 

ei(2i)2fc+i(?/i?/3 + ^fc+i4-i) = ei(2i)2fc+i (^fc+i + yi2/34-i) = 
ei(2i)2fc+i (?/2 + a^a^fc^ + Z/iZ/s^-i) = 61(21)2^+1 (2/2 + Z/a^f (a^s + 2/i4-i)) = 
ei(2i)2fc+i(?/2 + 2/3^fc^af )• 
Again, by Table ESI ei(2i)2fc+i C yi C A^^, therefore the last polynomial is equal to 

ei(2i)2fc+i(2/2Af + 2/3af ), 

i.e., 

ei(2i)2fc+i {yiVs + A^+i4^i) = ei(2i)2fc+i (2/2^^^ + V^af)- (B.37) 
(jB.33|l follows from ()B.37j) and from the next lemma. 

Lemma B.1.1. The following relation takes place 

ei(2i)2fc+i (?/2^fc^ + Vsaf) = ei(2i)2fe+i {y2af + y^af). (B.38) 

Proof. Indeed, 

ei(2i)2fe+i(?/2^f + yzaf) = ei(2i)2fc+i (2/2(2/1 + a;2^f_i) + ysaf) = 
ei(2i)2fc+i (2/22/1 + a;2^fe-i + ysaf)- 



Since ei(2i)2fc+i C Al^_-^, we have 

ei(2i)2fc+i(2/2Af + Vsaf) = 61(21)2^+1(^2 + Af_i(2/i2/2 + Vsaf)) = 
ei(2i)2fc+i(x2 + 2/iZ/2^f_i + 2/3af )• 
Further, by basic relations (Table ITT] 4.1) we have 

ei(2i)2fe+i (y2^fc^ + ysaf) = ei(2i)2fc+i(x2 + 2/1^/24-1 + V^o-f) = 
ei(2i)2fe+i(y2(a;2 + 2/2^-1) + Z/3«f ) = ei(2i)2fc+i(2/2af + y-iaf). 

Thus, the lemma is proven, ()B.38j) and so ()B.33jl are true. □ 

Action (p2 transforms Line 7 to Line 9 with p = 0. For Za = /a, e^, Qao, we are going to 
prove 

1 e ~i(2i)2fe I > ^(21)2 



B.l. 6. Case -2i(2i)2fe 1-^^ -2(2i)2fe+i . 



(B.39) 



(F) Line 7 Line 9 {p = 0). We want to prove that 

Jl(2i)2fc I > /(21)2'=+l! 

f — „ A^3 23 /f2 „21 4I3 _ /■ 

/l(2l)2fe - XiAf, I > 2/22/3^^ ^fe - /(21)2'=+i- 

The following relations are true (Corollarv I2.7.4j) : 

Xl I — ^ 2/22/3, 

^y2(2/i + y3)af, (B.40) 

af ^2/24'^l/i+l/3. 
Then flB:39jl follows from (|R4n|l . □ 



fB.411 



(B.42) 



116 B. A PROOF OF THE THEOREM ON ADMISSIBLE CLASSES 

(E) Line 7 Line 9 {p = 0). We want to prove that 

ei(2i)2fc I — > e(2i)2fc+i, 

_„ /l31^12 423^23 , ^2 /i 32^21 4 13^13 _^ 

The following relations are true (Corollary I2.7.4j) : 

y,Af ^ y^al%„ 
4^ ^ l/2Af , 

^^Z/2(l/i + y3)af, 

Thus, flR4Tll follows from (|R42|) . □ 

(G) Line 7 Line 9 (p = 0). It will be shown that 

5'l(21)2fc0 ' * 5'(21)2fc+i05 

5'i(2i)2''o = ei(2i)2fc+i (l/2afc^ + 1/30^^) e(2i)2fc+i(x2 + a^^A^^) = fi'(2i)2fc+io- 
The following relations are true: 

y2a^^ ^ X2{yi + y^)a^S2kAf = X2Af , 

ysa'' ^ y^Af. 
Therefore, 

y^af + y,af ^ y^ix^Af + Af) = y^ix^al' + ) = x^al' + y^A]:^ (B.45) 

Since 

ei(2i)2fc+i e(2i)2fc+i C a^^i C a^^, (B.46) 

we see by ()B.45|) that 



(B.43) 



(B.44) 



ei(2i)2fc+i {y2af + y^af) 6(21)2^+1 {x2af + V^Af) = 6(21)2^+1 (x2 + y2al^Al^). □ (B.47) 

Action ipi transforms Line 9 with p = to Line 8 with p = 0. For Za = fa,€.a,gao, we 
are going to prove 

B.l.T. Case Z(2i)2k+i 1 > 2x(2i)2'=+i' 



(F) Line 9 (p = 0) 1 — > Line 8. It will be shown that 

/(21)2fc+l /l(21)2fe+l, 



:b.481 



/(2i)2fc+i = y2yzafAf ^ yi{x2 + x^)Afaf = /i(2i)2fe+i • 
The following relations are true f Corollary 12.7.4^ : 

y2y3 ^ yiix2 + X3) c ^2 + z/3, 

af^yiAf, (B.49) 

2/1(2/2 + 2/3)4^ 

Then flR48jl follows from (|R49|l . □ 
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(E) Line 9 {p = 0) Line 8. Here, it should be proven that 

e(2i)2fc+i I — > ei(2i)2fc+i, 

p _„ 432„2l4l3_13 „, 431„12 423 _23 _^ 

e(2i)2fc+i - y2^fc ctfe Oj^.,^^ I — > yiAi^ Afc+ia^.^^ - ei(2i)2fc+i. 
The following relations are true f Corollary 12.7.4^ : 

l/2^fc I — > yia^+i C ?/2 + 1/3, 

4' ^^Z/l(y2+Z/3)4', 
^13 .23 

"fc+1 ' ^ 

Therefore, (|R5n|l follows from (|R5T]l . □ 

(G) Line 9 (p = 0) Line 8. We will show that 

fl'(21)2fc+i0 ' ^ 5'l(21)2'=+i05 

5'(2i)2fc+io = e(2i)2fc+i(x2 + a^^A^^J ei(2i)2fc+i (?/ia^^^ + Vial^j) = 5'i(2i)2fc+io 
First, from the relations 

•pi r- 

e(2i)2fe+i I — > ei(2i)2fc+i L 1/1, 
a;2 1 — ^ 1/11/3, 



a^=^ ^ y^Af C 2/2 + 2/3, 
Afc+i ^2/1(2/2 + 2/3)411 



we have 



e(2i)2fc+i(x2 + A^^i) ei(2i)2fc+i (2/12/3 + 2/i^f 4li) 
ei(2i)2fc+i (2/12/3 + 



i(2i)2'=+H2/r2/3 -1- "fe+i^ 
Transform the last polynomial from ()B.54jl : 

2/12/3 + «l+i = 2/12/3 + (a;i + 2/2af ) = 

2/12/3 + x^Af + 2/2af = 2/1(2/3 + x^Af) + 2/2af = 2/1^^+1 + 2/2af . 

Thus, 

6(21)2^+1 (x2 + ^fc+i) ei(2i)2fc+i(2/iA^+i + 2/2af )• 
Then flB.52j) follows from the next lemma. 

Lemma B.l. 2. We have 



ei(2i)2fc+i(2/iA^+i + 2/2af ) = 61(21)2^+1 (2/1 + 2/i4+i)- 



Proof. Indeed, 



ei(2i)2fc+i (2/i^fc+i + 2/2af ) = ei(2i)2fc+i (2/1(2/3 + a;iAf ) + y2af) 
ei(2i)2fc+i (2/12/3 + xiAf + 2/2af )• 
amce ei(2i)2fe+i C Al\^ C , it follows that 

ei(2i)2'=+i (2/i^fc+i + 2/2af ) = ei(2i)2fe+i(xi + (2/12/3 + 2/2af )) 
ei(2i)2fe+i(xi + 2/i2/3^f + 2/2af )). 
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By basic relations of atomic elements (Table ITTI 4.1) we have 

ei(2i)2fc+i {xi + Af{yiys + |/2af )) = 61(21)2^+1 (xi + yiy^af + y2af)) 
ei(2i)2fc+i (i/i(xi + i/saf ) + y2af)) = 61(21)2^+1 (i/i4+i + l/2af ))• 

Now, 

6i(2i)2fc+i(?/i4+i + y2af)) = 6i(2i)2fc+i(i/i4+i + xi + y2af)) = 

6i(2i)2fc+i(?/i4^i + 4+1) = 6i(2i)2fc+i(?/i4^i + l/l4^i). 

The lemma is proved. □ 

Action ip2 transforms Line 8 to the Line 1 with p = 0. For Za = fa, 60, Qao 
we are going to prove 

B.1.8. Case 2i(2i)2fe+i 1 > 2;(2i)2fc+2. 

(F) Line 8 Line 1 (p = 0). We want to prove that 



/l(21)2fc+l /(21)2fc+2, 



/i(2i)2fc+i = yi{x2 + X3)Afa]^ ^ yiy2al%^Af = /(21) 



2fe+2 . 



The following relations are true (Corollarv I2.7.4|l : 



Then fp37j) follows from (|B38|1 . □ 

(E) Line 8 1-^^ Line 1 (p = 0). We need to show 



'P2 

ei(21)2fe+l I ^6(21)2fc+2, 



:B.57) 



a;2 + 3:3 ^ yi2/2, 

l/i^f ^ ^24^+1, (B.58) 

12 , "^2 .32 



(B.59) 



(B.60) 



p _ „, 431„12 423 _23 „, /l32^21 a13 _13 _p 

6i(2i)2fe+i - yiA^. /ifc+ia^+i 1 — > ?/2^fc «fe+i^fe+i'^fe+i - 6(2i)2fc+2. 
The following relations are true (Corollarv I2.7.4|) : 

yiAk I — ^ y2afe+i c yi + ?/3, 

/f2 .32 

^fc+1 ^ 1/2(1/1 + 1/3)0^+1, 

^23 , .13 
"fc+1 ' ^ i/l^fc+1- 

Thus, fp39|l follows from (iRGOl) . □ 

(G) Line 8 Line 1 (p = 0). It will be shown that 

5'l(2i)2fc+io I ^ 5'(21)2'=+205 

/ 12 13 \ \ ^2 / 32 A 32 \ 

5(i(2i)2fc+io = 6i(2i)2fc+i d/iflfc+i + 1/1'^fc+i)) ' — ^ e(2i)2fc+2 (a;i + aj^_^^A,^_^_2) = 5'(2i)2fe+2o. 
First, since 61(21)2^+1 C ?/i, we have 

6i(2i)2fc+i (i/i4+i + l/iOfc+i)) = 6i(2i)2fe+i (xi + ?/2af + ywsaf). 

Since X2 C 1/20^^ and the polynomial Xi + 1/2^^^ + ViVsO'l^ meets the requirements of atomic 
multiplicativity f Corollarv I2.5.2|) . we have 

6i(2i)2fc+i(xi + y2af + ymaf) ^ 6(21)2^+2(7/22/3 + ^2(1/1 + l/s)^^ + l/2(a;i + ^3)^^^). 



(B.61) 
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We transform the last polynomial. Since e(2i)2fe+2 C ?/2, it follows that 

e(2i)2fc+2 (?/2l/3 + X2iyi + y3)Al'^ + y2{xi + x^)Af) = 
e(2i)2fc+2(?/2y3 + X2Al^ + {xi + X3)Al^) = 

e(2i)2fe+2 (?/2l/3 + X2Al^ + Xi+ XgAf ) = e(2i)2fc+2 (?/2Z/3 + 2^2^^^ + Xi + X^tt]^). 

Since e(2i)2fc+2 C al^, we see by permutation property ()A.4j) that 

e(2i)2fc+2(?/2l/3 + X2Al^ + xi + x^a]^) = 6(21)2^+2 (xi +Xs + af{y2y^ + X2Af)) = 
e(2i)2fc+2(xi +X3 + X2Al^ + y2y?.a^k)) = 6(21)2^+2 (xi + ?/3(x3 + y2al^) + X2Al^) = 
e(2i)2fc+2(xi + ysaf+i + X2Al^) = e(2i)2fe+2(xi + a^+^d/s + ^2^^ ) = e(2i)2fc+2(xi + al\^Al\^)), 

which was to be proved. □ 

The proof of Theorem 12.12.11 is finished. □ 

B.2. A proof of the theorem on admissible elements in lattice D'^ 

Every element Cq, from Table 14. HI is the intersection of three polynomials. In all cases, 
two of these polynomials are homomorphic under action ipi. The third one is not 
yjj— homomorphic, but satisfies the following relation: 

see CoroUarv 14.5.21 heading(3). 

In this proof, we repeatedly use the basic properties of admissible elements from Lemma 

una ssn 

B.2.1. Line F21, 63^,, /qq /3ao- Here, 

a = (21)*(41)''(31)',e„ = e(2i)t(4i)'-(3i)», 

and 

31 41 34 ips 24 21 41 /ID rn\ 

e„ = e2a2,a2r02t-l ' ' (^?,(^2s(^2t-\(^2r+\ = ^Sa, (B.62) 

where So; is obtained by eq. ()4.4j) . By Corollary 14 . 5 . 21 we have 

31 V'S 24 
"2s ' ^ 6302^, 

34 , ^ 21 
^2t-l ' ^ ^30-24-1? 

41 41 

6202^ I — > e3a2r^i. 

Since and a24„i are (^03— homomorphic fCorollarv 14.4.2^ . we get ()B.62|) . The polynomial 
630 corresponds to Line G31 under the substitution 

r t-^ r + 1, 

see relation ()4.4|) . For the case fao, we have 

60(6202* + "2r+l"2s-l) ~ ^a{'^2t ~^ ^2'^2r+l'^2^-l) ^ 

and we select 

P — ^34 I 14 13 

~ "2t "T '^2W2r+l"'2s-l' 
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see Lemma [4. 8. 2[ By Corollary 14. 5. 21 we have 

34 '4>'i 21 
(^2t ' ^ 63024 , 

13 , ^3 ^ 42 

14 ¥'3 14 
62a2r+l ' ^ 6303^+2, 

and we get 

P = a^^ + e24^+iai3_^ ega^^ + e^a^,^^af^_^ = P. (B.64) 
Since C a^s-n "^^ have 

£> 24 21 41 / 21 I 14 42 \ 

e3a-r = e3a2sa2t-l'^2r+ll'53«2t + 630'2r+2'^2s-l J = 

24 21 41 / 14 I 21 42 \ 

C3'^2s'^2t-l'^2r+ll'^2r+2 + ^3*^2* '^2s-l J 5 

which corresponds to Line G31 with substitution ()B.63|1 . see relation ()4.4j) . □ 

B.2.2. Line F21, e« A 64^, /ao ^ /4ao. We have a = (21)*(41)'^(31)^ = 

e(21)t(41)'-{31)''5 

= C20'2s'^2r'^2t-1 ' ^ ^i^2s+l^2r^2t-l ~ ^4o; (B.65) 

because by Corollarv 14.5.21 we have 

41 , fi , 32 
0-2r ' 64CI2J., 

43 , y4 _ 12 
'^2t-l ' ^ 64'3'2t-l; 

31 ^4 31 
64^25 ' ' 64025+1- 

The polynomial 64^ corresponds to Line (741. For the case /qo, we select 

P — ^43 I ^ ^14 13 
~ "2t "T '^2W2r+l"2s-l- 



We have 

^ = «2? + e2a2r+i«2Li ^ 640^^ + 6402^+14^ = P, (B.66) 
because by Corollarv 14 . 5 . 21 we have 

41 , 32 
0'2r+l ' ^ C4a2r+1) 

43 , ^4 ^ 12 
024 ' ^ 64024 , 

P,«31 /fi^„„31 
^4025-1 ^ ^ C4U2s. 

The polynomial P corresponds to Line G41. □ 

B.2.3. Line P21, ciq,, /qo /iqo- The admissible sequence a and polynomial 



Ca are given as in §B.2.2I Here, 

= C202s'^2r'^2t-1 ' ^l(^2s^2r^2t ~ ^lai (B.67) 

because by Corollarv 14.5.21 we have 



31 yi 42 
^2s ' ^ 6l'^2s' 

41 yi 23 
C^2r ' ^ 6l'^2r' 

34 ^1 34 
62024.1 I > 61024. 



The polynomial 6ia corresponds to Line Gil. For the case /ao, we select 

p — p I ^14 13 

r — 62024 -|- 02^_|_i025_i, 
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and we have 

P = e^af^ + a\l_,yi_^ ^ e^aH, + e,af^_,^alU = P. (B.68) 
because by Corollary 14.5.21 we have 



"2r+l 


1 — > 


eia: 


"2s-l 


1 — > 


eia: 


e2aft 


1 — > 


eid. 



32 

■2r+l' 
24 

2s-l- 
43 

■2t+l5 

Since C a^g_i (see Line Gil), by ()4.45p we have 

^ p — p ^42 23^34/ 43 , ^23 ^24 N _ 
eia-T — eiU2sU2r"'2i l'^l"'2t+l "'2r'+l"2s-l/ ~ 

Clfl2s'^2r'^2t (^l'^2t+l'^2s-l + '^2r+l) ~ ^lo ('^2t-l'^2s+l + 6l'3'2r+l)' 

which corresponds to Line Gil. □ 

B.2.4. Line F31, ciq, /qq fiao- First, we have 

ea = e3a2ia2ra2s-i ^ ^10^^02^02^ = ei«. (B.69) 

For the case fao, select 

p _ ^ ^42 I 14 12 
Jr — C3U25 -|- ".2r+l"'2t-l5 

see Lemma f4. 8. 21 We have 

P = esa^l + a2r+i«2t-i ^ (^i^l+i + eia2r+i«2t-i- (B.70) 
Since a^f C alf_i, we get 

eia{^lO'2s+l + ^l'^2r+l'^2t-l) ~ ^l'^2t '^2r'^2s (^l^s+l ~^ ^l'^2r+l'^2i-l) ~ 
Cl"2t "'2r"2s l'^l"2s+l"2t-l ^ '^l"2r+l/ ~ |^eiU2j,_,_;^ "T "2s+l"2t-l/ ~ ^ ' 

we get Line Gil. □ 

Cases F31 (actions 1^2,1^4), and F41 (actions ipi,ip2,'4^3) are similarly proved. □ 

B.2.5. Line Gil, 620-, fao /2ao- We have 

a = l(21)*(31)^(41)^ e„ = ei(2i)*(3ir(4i)- 
Here 2a = (21)*+l(31)'■(41)^ and by Corollary 113121 we get 

24 , V2 ^ 13 
^2s ' ^20-23, 

32 '/'2 14 
02r ' ^ 6202^, 

p ^34 ^ 34 
61^2* ' ^ 62a2t+l, 

hence, 

Ca = Cifl2s'324 0-2^ I 62fl2s^2t+1^2r ~ 62a- (-^•'''-'-) 

The polynomial e2a corresponds to Line G21 under the substitution t ^ t + 1. For the case 

/aO) 

&a{^lO'2r+l + '^2s+l'^2i-l) ~ 

60,(6102^+1 + Q'2s+l'^2t-l) ~ 6a('^2r+l + 6l'^2s+l'^2t-l) ' 

and we select 

23 I „ „24 „34 



-T — W2r+1 "T '^l"'2s+l"2t-l- 
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We have 

P = eiajl^^ + eialj^^alt_^ e2a2r+i + 6202^+102* = P- (B.72) 

Since 

e2a C 6202^ C 62025-1) 

by the equahzing property ()4.47|1 we have 

e2aP = e2a(e2a2r+l + ^"i^^s+l^^) — 

e2a(e2a2r+i + 62025-1^24+2) = 620(0.24+2 + 6202s-l'^2r+l)5 

i.e., we get Line F21 under substitution the t \^ t + 1. □ 
Cases Gil (actions ip^^ilji) are similarly proved. □ 

B.2.6. Line G21, 620, /ao '"^^ /sao- We have 

a = 2(41)'-(31)^(21)*, e„ = 62(41^(31)= (21)*. 
By eq.dUl) 3a = (31)^+^(41)^(21)*, and by Corollary gSISl we have 

34 ^3 12 
<^2t ' 63'3'2t ) 

31 , y3 ^ 24 
^2s+l ' ^ 6302^+1, 

14 "P'i 14 
e202r-l ' ^ 6302^, 

i.e., 

_ 34 31 14 12 24 14 _ cr, 'ton 

— e2a2ja2s+ia2^_i 1 ^^0.2t^2s+l^2T — ^3a- [D.i6) 

The polynomial 63^ corresponds to Line F31 for substitution s ^— > s + 1. For the case fao, 
we select 

P — p I „31 _34 

-T — e2U2r ' "2s+2"'2t-l? 

and we have 

P = e^alt + all^,alU ^ e^alt^, + alt^.aH, = P- (B.74) 
Since 63^ C C al^_^, we get 

eSaP = e3a{e3alt+l + '^2s+2Q-2?-l) = .-n ^Tr^ 

.14 12 , 24 N (^•^^) 

^3a{(l2r+1^2t-l + 63'22s+2j 

which corresponds to Line F31. By (jB.74jl and ()B.75jl f^a and e^a correspond to Line F31 
under substitution the s s + 1. □ 

B.2.7. Line G21, Cq, 640,, fao f4ao- The admissible sequence a and the poly- 
nomial Ca are given as above in ^B.2.61 

By eq.diH) 4a = (41)''(31)"+i(21)*, and by Corollary 11321 we have 

34 ft 12 

^2t ' ^ 64'3'2t ! 

14 23 
^2r-l ' ^ C4'22r-1' 

31 '/'4 31 
^2025+1 ' ^ 6402^+2 ) 

and therefore 

Ca = ^20j2t^2s+1^2r-l ' ^ ^'^^2t^2r-1^2s+2 ~ ^ia- (B.76) 
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The polynomial 64^ corresponds to Line FAl under the substitution s ^— s + 1 . For the case 
fao, we have 



and we select 
Here, we get 
Since 



60(620-2^ + ^2tl2s+2^2t-l) ~ ^a{0'2r ~^ ^'i^2s+2^2t-l j 



r — -r e2U'2s+2"2t-l- 
P = all + 62«2s+2'^2t-l ^aO^II + e4'3'2s+3fl2t-l = (B.77) 



^AaP — C4o(c4'3'2r + '^2s+3'^2t-l ) 5 

we see that e^aP corresponds to Line F41 under the substitution s i— > s + 1. □ 



B.2.8. Line G21, eia, /oo /lao- The admissible sequence a and the poly- 

nomial Ca are given as above in §B.2.6I 

By eq.diSl) la = (14)^(31)^+1(21)*, and by Corollary |lZ2l we have 

24 

^2s^ 

,23 

■2r- 

34 
+1' 

and therefore 

- - : ^ : . :b.78) 

The polynomial Ci^ corresponds to Line if 11 under the substitution 1 1— > t + 1. For the case 
/„o, we have 

CqP = ^20'2s+l'^2T-l'^2t{^'i'^2r + '^2s+2'^2t-l) ~ 

^=^31 ^14 ^34/ 14 I 31 ^34 n 
'^2"2s+l"2r'-l"2i l"2r '^2W2s+2"2t-l J ' 



"25+1 


'Pi 
1 > 


eia: 


"2r-l 


Pi 
1 > 


eia: 


34 


^ Pi ^ 


eia: 




1 ttvOJ^ ' 


Pi 


Pi a.i 



and we select 



P - I 31 ^34 

-r — a2r + e2a2s+2«2t-l- 

P = 4^ + esa^i^^^a^^, eia^^ + eial^^^t = P- (B.79) 



^ ^24 34 _ 24 34 
eiW2s+2"2t ~ '^l"2s+2"2i5 



Thus, 

By (jOEI) 
and by ()B.79j) . we get 

P = eiaf, + eiallalt+^. (B.80) 

By ()B.80|1 and ()B.78|1 fia and eia correspond to Line if 11 under the substitution t ^ t + 

□ 

Cases GSl (actions ipi,ip2,'^4:), and 6*41 (actions ipi,ip2,'^3) are similarly proved. □ 
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B.2.9. Line Hll, ^ e2a, /qo ^ /2qo- Here, 

a = (14)''(31)'*(21)*, Cq, = e(23)2r-i(24)2s-i(34)2t+i. 

Since 2a = 2(14)'^(31)"(21)*, and by Corollary |13J we have 

23 , ^ 14 
^2r-l ' ^ C2a,2r-l5 

24 ^2 31 
^2s-l ' ^20-25-1) 

34 ^ "i^a ^ 34 
6l<^2t+l ' ^ ^2^^24+2) 



„ _ „ „23 ^24 M „ „14 ^31 ^34 m 81 

Co — ClU2r-l"2s-l"'2t+l '^2"'2r-l"'2s-l"'2t+2 ~ '^Za- l^D.Olj 

The polynomial e2a corresponds to Line H21. For the case fao, select 

p _ ^ ^34 I „24 23 
-T — ciU2^ -|- 'J'2s'^2ri 

and we have 

P = eia^^ + allaf, ^ e2a3^_^i + e^a^a^ = P. (B.82) 
By (jR82|) and (jRST]) /2a and 62^ correspond to Line iJ21. □ 
Cases Hll (actions ip3,4'4) ^ire similarly proved. □ 



B.2.10. Line H21, Cq, ciq,, /qo /lao- We have 

« = 2(14)'-(31)^(21)*,e, = e2(i4r(3i)»(2i)- 

Since la = 12 (14)^'( 31)'(21)* = (14)'^(31)^(21)*+i (see heading (10) of Proposition RXT^ . 
and by Corollary 14.5.21 we have 

14 , fi , 23 
Cl2r-1 ' Cl'J^2r-l) 

13 yi 24 
^2s-l ' ^ ^l^s-l' 

p «34 ^ 34 
^2"2t+2 ' ^ '^l"2t+3' 



I.e., 



c ^13 ^34 , yi , ^ ^23 ^24 ^34 _ ^ /-r oo\ 

e2W2r-l"2s-l"2t+2 ' '^l"'2r-l"2s-l"2t+3 ~ '^la- I^O.OOJ 



The polynomial e2a corresponds to Line Hll under the substitution t \—>- 1 + 1. For the case 
fao, we select 

^ — a2r + ^2a'2s'^2t+li 

and we have 

P = a\t + e2af,alt+i ^ e^af, + e^al\alt+^ = P. (B.84) 

By ()B.84|) and ()B.83|) fia and Ciq, correspond to Line if 11 under the substitution t t + 1. 
□ 
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B.2.11. Line H21, eia, fao fsao- The admissible sequence a and the 

polynomial are given as above in m.2A0i 

Since 3a = 32 (14)''( 31)"(21)* = (31)"(21)*+i(41)'- (see heading (12) of Proposition BXT^ . 
and by Corollarv 14 . 5 . 21 we have 

13 'P3 24 

34 ^ Vi ^ 12 
^2t+2 ' ^ 63^^24+25 

14 Va 14 
62^2^-1 I ^ 6302^, 

i.e., 

= e2a2r_ia2s-i'^2t+2 ' — ^ <23a2ra2s_ia2t+2 = ^3a- (B.85) 
The polynomial e^a corresponds to Line F31 under the substitution t t + 1. For the case 
fao, we select 

p _ „ ^14 I „3i 34 

-T — e2U2r ' "2s"'2t+l) 

and we have 

P = e,alt + 4141, ^ e34t+i + e34y2t+i = P- (B.86) 

By jEHi 

e-iaP = 630(6302^+1 + a2s'^2i+l) = 630(6302^ + a2r+ia2t+i)y 

and therefore, by ()B.86|) and ()B.85|) . we see that fia and 61^ correspond to Line F31 under 
the substitution t t + 1. □ 

B.2.12. Line H21, 64^, fao fiao- The admissible sequence a and the 

polynomial 6q, are given as above in m.2.m 

Since 4a = 42(14)''(31)"(21)* = (41)^(21)*+i(31)'' (see heading (13) of Proposition BXT]l . 
and by Corollarv 14 . 5 . 21 we have 

34 , 12 

'^2t+2 ' ^ 64'32t+2? 

14 ft 23 
02r-l ' ' e4a2r-V 

C2Ct2s-l ' ^ 6402^, 

i.e., 

„ _ ^ ^14 „13 ^34 ^ ^23 „13^12 _ ^ oyN 

60 — 62U2r-l"'2s-l"2t+2 ^ ^ 64U2r-l"'2s"'2t+2 ~ 64^. \D.Oi} 

The polynomial 64^ corresponds to Line F41 under the substitution t i— t + 1. For the case 
/qo, we select 

P — «41 I ^31 _34 
r — -r 62"2s"'2t+l5 

and we have 

P — /i^l I p /,31 34 Jfi^ _23 I ^ ^31 ^12 f-n oo\ 

-r — a2r + e2a.2s'^2i+l ' ^ '24a.2r + '24a2s+l'22t+l • (^O.SSj 

By flB.88j) and (jB.87j) we see that f^a and 64^ correspond to Line F41 under the substitution 

t^t + 1. □ 

Cases if31, (actions 1^1,1^3,1^4) and i741, (actions 1^1,1^2,4^4) are similarly proved. □ 

Theorem 14.8.11 on the admissible elements in D"^ is proved for all polynomials e^, see 
Table 01 □ 
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The inclusion theorem and properties of H^{n) 

C.l. Proof of the inclusion theorem 

C.1.1. More properties of the atomic elements. The atomic elements aj^ and 
can frequently substitute each other. This has already been shown in Lines 3.1 - 5.2 of Table 

o 

Proposition C.1.1. The following relations hold for n — 2 <m: 

(1) y^al^a'^^ = ViO^^Al^ , 

(2) y,A^ = y,A^A^. 

Proof. 1) Since 
and — Vi'^m for n — 2 < m, it follows that 

Since — ^fc, we have 

Further, by Table EIH Line 3.1, we have Xja^^_2 = XjA^_2 and 
2) Since 

Vi^mf^n = Vi^mi^j + VkiXk + 2/i<-2)) = Vi^mi^j + Xk + ykyia^-2) 

and by Table ITTl Line 4.1, we have ?/fc?/ja^_2 = ykyiAl^_2, and 

Since A^*_2 ^ see that 

yiAi^ai^ = yiAi^iykyi + A^^^^ixj + Xk)) = 

Vi^ii^ivkyi + Xj + XkA'^_2) = Vi^nX^j + yk{yi + XkA^n~2))- 

Further, 

J/j + XkAl^_2 ^ yiA^m-i 

and we have 

127 
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C.1.2. The a-form and A-form of admissible elements. 

Proposition C.1.2. For all admissible elements fa and Ca of Table \'2.'J\ 

(1) Every symbol "A" can be substituted by the symbol "a". 

(2) Every symbol "a" can be substituted by the symbol "A". 

The substitutions A < — > a are collected in Table IC.ll The original form of admissible 
elements is given by Table 12.31 Two other forms of admissible elements are given by Propo- 
sition irrL2l The substitution (1) (resp. (2)) from Proposition l( y . 1 . 2) is said to be an a-form 
(resp. A-form). (Table [H^- 

Proof of Proposition f?7. i . M For elements fa, both statements (1) and (2) of Proposition 
1(11.21 follow from Table ITT] headings (3.1), (4.1) and (5.2). For convenience, we give these 
properties here: 

XkA^ = Xka{' (Table EH Line 3.1), 

y,y,A'^' = y,y,ai' (Table EH Line 4.1), 

yi{xj + Xk)A'^ = yi{xj + Xk)a^ (Table EIH Line 5.2). 

Consider elements Cq,. We will use Proposition IC.1.21 and property 5.1 from Table ITTl We 
have 

a>^^ = A^^a^ for n < m + 1 (Table EH Line 5.1). 
Line 1, Line 9 of Table ESI Take Line 1: 

= y2A'^^_ia^q A^^ . 
According to Line 5.1 of Table |23 we have 

afaf = Al'af and e„ = y2At,AfAl'af. 
Further, by Proposition l( ^ . 1 . T| (2) we have 

y2Al'af = y^Al'Af and = y2Af_,Af Al' Af . 

This is the A-form of Cq,. 

On the other hand, by Proposition l( ^ . 1 . T| (2) we have 

Z/2Af-iAfc^ = y2Af_^af and = y2Af_^af af af . 

Again, by Line 5.1 of Table E^ we have 

432 31 _ 23 31 1 _ 23 ^21 31 13 

It is the a-form of Cq,. The same for Line 9 of Table ESI D 
Line 2, Line 10 of Table EISl For Line 2, we have 

p _ „3i 412 ^12423 

By Table ITTl Line 5.1 we have 

= ^fciiCtfc^ and = y^Al^^^A^^^-^^al^ A^^^ . 
By proposition IC.l.li (2) we obtain 

VsAltA^ = ysAll.Af and = y^A^^All^AfAf (A-form). 
On the other hand, by proposition IC. 1 . ll (2) we have 

yaAfAll^ = ysAfaf^^ and e„ = y3af_^all^al^ Af . 
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N 


a 


a-form = A-form 


a-form = ^-form 


5a0 


1 


(213)2P(21)2'= 


ymal^af_^ = 

ymAfAf_, 


y2af_^afafaf = 
y2Af_,AfA^^Af 


ea{xi+afAf) 


2 


3(213)2P(21)2'= 


y3{xi + X2)afaf_-^ = 
ysixi + X2)AfAll^ 


y^af^iaf_^iafaf = 
y^Af_,Af^,AfAf 


(2/22/3 + ^5^afc^) 


3 


13(213)2^(21)2'= 


ysyio^iiOfc^i = 

y3yiAll,Af_^ 


yi4-i"9+i"f «g+i = 
421 431 432423 


ea(x3 + a^^i^i^) 


4 


(213)2P+1(21)2^' 


y2ix3 + xi)all^af_^ = 
y2{x3 + xi)All^Af_, 


y2af_iall2afaf+i = 
432 431 413412 

y2^fc-1^9+2^fc ^q+1 


ea(2/i2/2 + vl3^iaf) 


5 


3(213)2^+1(21)2^= 


^2^302^24-1 = 
2/22/3^^^2^^-! 


y3"'k^-l"'q+2^k^'^q+2 = 
y3^fcil^q+2^fc"^^g+2 


ea(x2 + ai^2^i3) 


6 


13(213)2^+1(21)2^ 


2/i(a;2 + a;3)ag^24-i = 

2/l(x2 + 2;3)A3^2^I-l 


yi4-iagl3af «g+2 = 

421 423 432431 
yi^k-l^q+3^k ^q+2 


eaiyiys + All^al^) 


7 


1(21)2^= 


xiafaf = 
^lAfAf 


yi«Fal^«f «f = 

yiAfAfAfAf 


eaiy2af + ysaf) 


8 


^2i)2fc+i 


yi{x2 + X3)4^a^2 = 
yi{x2 + X3)AfAf 


yiOfc «fc «fc+i«fc+i - 
,.431421423 432 


ea(2/iafcli + 2/i«fc+i) 


9 


(213)2P(21)2^-+1 


y2y^afaf = 
y2y3AfAf 


y2«f a2ia3iai3 ^ = 
y2AfA^^AfA^^, 


e«(x2 + 43^13^,) 


10 


3(213)2P(21)2'=+1 


x^af+y^ = 


2/30^ «gii«fc^a^ii = 

2/3^fc^^q+l^i^^q+l 


ea(2/i2/3 + ^fafcli) 


11 


13(213)2p(21)2fc+i 


yiy24+i«f = 

yiy2Af^^Af 


2/ial^«g+i«f agl2 = 
,.421431 432423 

yi^fc ^g+l^fc ^q+2 




12 


(213)2p+i(21)2'=+i 


X2af_^2'^f = 

X2^q+2^k 


2/2af «gJi24^a9+2 = 

y2^f^^V2^f^Jl2 


e«(2/22/3 + ^giiafe+i) 


13 


3(213)2P+1 (21)2*^+1 


ymaf+2(^f = 
y^yiAf+2Af 


yzafaf^^afaf^^ = 
,.413423 421412 

2/3^fc ^q+2'^k ^q+3 


60(3:3 + a2^2^i+i) 


14 


13(213)2p+i(21)2'=+i 


^l'^g+3'^fc^ = 
423 432 


yial^af+^afall^ = 
,,,421423 432431 


(2/12/2 +^^+2ai^l) 



Table C.l. The admissible elements, a-form and A-form 



In Lines 1-6: A; > and p >0. In Lines 7-8: A; > 0. 
In Lines 9-14: k > 0,p > 0. In all Lines: q = k + 3p. 

By Table Line 5.1 we get 

Afall^ = afall^ and e„ = ysal^aH-^al^af , (a-form). 
The same for Line 10 of Table 12. HI □ 
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Lines 3-6, Lines 11-14 of Table IT!^ The proof for Line 3 follows from Line 1 under 
substitution 1 — > 3 — > 2 — > 1. Under the same substitution the case of Line 11 follows 
from the case of Line 10. Similarly, by the same substitution we have 

Line 1 =^ Line 3 =^ Line 5, 

Line 9 =^ Line 11 =^ Line 13, 

Line 2 =^ Line 4 =^ Line 6, 

Line 10 =^ Line 12 =^ Line 14. □ 

Lines 7-8, Table 1^31 Let us take Line 7, where = yiAl^al^Al^al^. By Proposition 
inm (2) we have 

y,Afaf = y.AfAf and e„ = y^Afa^AfAf. 

Again, 

yiAfaf = y.AfAf, so = y.AfAfAfAf (A-form). 
On the other hand, by Proposition IC. 1 . T| (2) we have 

y.AfAf = y.Afaf and e. = y.Afaj^afaf. 
By Table 123 Line 5.1 we have 

Al^al^ = al^a^^, so Cq, = yiojfaj^al^al^ (a-form). 
The same for Line 8 of Table 12.31 □ 

Remark C.1.3 (to Table l(T2|l . Transformation T^^s substitutes 1 ^ 2 ^ 3 1 and 
T^^ substitutes 1 — 2 — > 1. These transformations are needed for getting corresponding 
admissible elements Qao from the Table 12.31 or their a-forms and A-forms from Table IC.ll 
For example, consider Line 2. In this case a = (321)^^(32)^^. This sequence can be obtained 
by applying T^^s ^j^g sequence a = (213)2^(21)^^ from Table E31 i-e., 

a = (321)2f(32)2'= = T^^'^la] = T'^^[{213)''f'{21)'"']. 

C.1.3. Admissible sequences al and a. The inclusion theorem. Our intention 
is to prove the following theorem. 

Theorem I2.13.T] For every admissible sequence a or ai, where i = 1,2,3 from Table 
\2.iA the following inclusion holds: 

(^ai ^ 9a0i ^ ~ Ij 2, 3. 

Without loss of generality it suffices to prove Theorem 12 . 1 3 . 1 1 for i = 1. Thus, we need 
description of admissible sequences al and a in the form of sequences of Table IT^ 

Proposition C.1.4. For the corresponding indices al and a from Table \U~^ (columns 
2 and 3 ), we have 

^Pa{l) = al. 

Proof. Line 1 . Let p > 0. We have 

V521{321)2p-i{32)2fc(l) = 21(321)^P"^(32)^''l = 
21(321)(321)2P-2(32)2'=1 = 213((21)(321)2p-2(32)2'=1). 
By induction, from Line 4, Table \C2\ we get 

¥^21(321)2.- (32)- (1) = 213[(213)^P-^(21)2^] = (213)^^(21)2'= = al. 
If p = 0, then 2(12)2^=1 = {2iy''+\ The same for Line 9. □ 
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N 


al 

index of e^i 


a (index of 5^0) = 
Ti23[a] or Ti2[a] 


Gal 

A-form 


5a0 = 

Ti23[3ao] or Ti2[gao] 


1 


(213)2f(21)2fc 


21(321)2p-i(32)2'= = 
Ti23[l3(213)2p-i(21)2'=] 


y24'_lAl2^13^31 


y24'-i^^^^^'^J^ 
n(2/2yi+4iiaf) 


1' 


(21)2fe 


2(12)2fc-i = 
Ti2[l(21)2fc-i] 


y.42_^^12^13^31 


t/24'-i^i'-i^f^r 

r\(y2af + y2af) 


2 


3(213)2p(21)2fc 


(321)2p(32)2fe = 
Ti23[(213)2p(21)2fc] 


^3411^1^1^21^23 


y,All,AfAfAl^ 
n(x2 + ai3Ai3) 


3 


13(213)2p(21)2fc 


1(321)2P(32)2'= = 
Ti23[3(213)2p(21)2fe] 


421 A31 A32A23 


yi4i„,4^i424i 

n(y32;i + 4'ar) 


4 


(213)2p+i(21)2fe 


21(321)2P(32)2'= = 
Ti23[i3(213)2p(21)2fc] 


432 431 413/112 
y2^fc_l^g+2^fe ^9+1 


,.432 412 413 431 

y2^k-l^q+l^k ^q+l 

r\{xi+af_,,Af) 


5 


3(213)2p+i(21)2fe 


(32i)2p+i(32)2fc ^ 

yl23[(213)2p+l(21)2'=] 


^fe- l^g+2^fe^^g+2 


2/34-1^9+24^^9+1 
0(2/2^3 + 4+l«l') 


6 


13(213)2f+i(21)2'= 


l(321)2p+i(32)2'= = 
Ti23[3(213)2p+i(21)2'=] 


/|21 423 432431 
i/l^fe-1^3+3^fe ^g+2 


,,,421 431 432423 

i/l^fe-l^g+2^fe ^g+2 

n(a;3 + <24') 


7 


l(21)2fe 


(12)2^ = 

ri2[(2i2fe] 


^141414342 


yi41_,^214342 

n(x2 + a3iA3i) 


8 


l(2l)2fe+i 


(12)2'^+i = 
Ti2[(21)2'=] 


1/1414143^,^32+, 


^141414342^, 

n(xi+a234-li) 


9 


(213)2f(21)2fc+i 


21(321)2p-i(32)2fe+i = 
Ti23[i3(213)2p-i(21)2fe+i] 




^24^41^1342 

0(^2^3 + 4'-ia|^i) 


9' 


(21)2fc+l 


2(12)2'= ^ 
Ti2[l(21)2fe] 


y2AfAi^Al^Al\, 


y,AfAl^Al^Af 

r\iy2af + y2af) 


10 


3(213)2P(21)2'=+1 


(321)2p(32)2fc+i = 

yl23[(213)2p(21)2fe+l] 


,,,413412 421423 


y,Al^AfAfAll, 
n{x3 + afAll,) 


11 


13(213)2f(21)2'=+i 


l(321)2p(32)2'=+i = 
Ti23[3(213)2p(21)2'=+i] 


,,,421431 432423 


^14143,424^, 
0(2/2^1+4143 J 


12 


(213)2p+i(21)2'=+i 


21(321)2p(32)2'=+i = 
Ti23[(213)2p+i(21)2fe+i] 


432431 4I34I2 


y24^^g+l"^fc^"^9+2 

n(x2+ai3^4+i) 


13 


3(213)2p+i(21)2'=+i 


(321)2p+i(32)2fe+i = 
Ti23[(213)2p+i(21)2fc+i] 


,,,413423 421 412 


ni^A^^A^"^ 421 423 

n(y3yi + 4ii4'+i) 


14 


13(213)2p+i(21)2fe+i 


l(321)2p+i(32)2'=+i = 
Ti23[3(213)2p+i(21)2fc+i] 


421423 432431 


Ti, A'^'^ A^'^ 432423 

i/l^fc ^(?+2^fc ^9+3 

n(xi+a3^24'+i) 



Table C.2. al, a, e^i and q^q 



For Line 1 and Line 9: p > 0. For Lines 1-6: A; > 0,p > 0. 
For Lines 7-8: A; > 0. For Lines 9-14: > 0,p > 0. For all lines: g = fc + 3p. 



Line 4 . Here, 

21(321)2^(32)2*^1 = 21(321)(321)2*'-i(32)2*^l = 213((21)(321)2?'-i(32)2*^l). 
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By induction, from heading 1) we get 

21(321)2*'(32)2'=1 = (213)(213)2P(21)2^ = (213)^^+^(21)2'= = al. 

The same for Line 12. □ 

Other hnes of Table 1(121 are considered by analogy with these two cases. □ 

C.1.4. An S'-form of g^o. 

Definition C.1.5. The form of the elements Qao from the right column of Table lU^l is 
said to be an S-form (symmetric). 

Proposition C.1.6. Both forms of the elements gao from Table \(7~^ coincide. 



N 


9aO 






from Table |0.2| 


(S-form 


1 


y2Af_,AfAl^All,iy2yi + Af_,af) 


2/24-i^f^f^;-i(«''+<i) 


V 


y2Af_,All,Al^Al\y2af + y2af) 


y2Af_,All,AfAf{af + 42^1) 


2 


y3Alt,AfAfAl\x2 + al^Al^) 


ysAll.AfAfAl^All, + 


3 


4 91 4 9*? 4*^9 4 '?1 / 4 9"? 19\ 

yiAll,All,AfAf{ym + Afal^) 


/i21 /1 23 /1 32 /i31/ 13 31 \ 
yi^k-l^q+l^k ^q \^q+l + %+li 


4 


/t32 /t 12 /t 13 /tSl /' 32 /t32\ 
y2^k-l^q+l^k ^g+ll^l + ^q+l^k ) 


4'?9 4I9 4l'?4'^1 / 4'?1 4'?9\ 

2/2^fc-l^(7+l^fc ^q+l\^q+2 + ^fc ; 


5 


411 4l9 4 91 4 9"?/ 4l9 "^IN 

?/3^l-i^;i24'^'ii (2/22/3 + All.af) 


/t 13 /t 12 /t21 /1 23 / 32 23 \ 

yS^k-l^q+2^k ^g+U^g+2 + ^k+l) 


6 


/1 21 /i31 /1 32 /1 23 / 21 /i2lN 
?/l^fc„l^g+2^fc ^g+2l^3 + CLq+2^k ) 


4 91 4 Q1 4 19 4 91 / 4 91 4 91 \ 

yi^k-l^q+2^k ^q+2\^q+3 + ^fc 


7 


/i "^l /i91 /i9'? /i'^9/ , "^1 /i "^1 \ 


/ill 4 91 4 91 4 19 / 4 19 , /i 11 \ 


8 


y^AfAfAfAf,,{x, + afAf_,) 


y.AfAfAfAllMf,, + All,) 


9 


y,AfAf,^AfAl\y,y, + A};i,all,) 


y2AfA^,'AfAlHa};i, + af^,) 


9' 


y^AfAfAfAfiy^al^ + y.af) 


y,AfAl'Al^Af{al\, + all,) 


10 


y^AfAfAfAlUc + afAll,) 


/1 13 /1 23 /1 21 /1 12 ( a2S , 42I A 


11 


y^AfAll.AfAllfym + Afali,) 


2/l^fc^^q+l^?^g+l(^g+2 + ^fc+l) 


12 


y,AfAll,AfAf,,{:c, + aH.AH,) 


2/2^fc^^J+l^fc^^q+2(^J+2 + ^fc+l) 


13 


y,AfAll,AfAlUym + AH.aH,) 


2/3^fc^^J+2^fc^^g+2('^q+3 + ^fc+l) 


14 


7/, /iSl/lSl /132 /123 1 ^32 /i32 N 


..a21a31 432 /123 //l31 1 4 32 N 



Table C.3. The S-forms of gao 



Proof 1) Since C C Af_ I, we see that 

ea{y2yi + Al\af) = e4y2yiAf_^ + af). 
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Since ?/2l/i^gii = Z/2Z/iag!?-i and C ?/2, it follows that 

ea(l/2l/i + Af-iaf) = e„(?/2l/iag-i + af) = ec,{yiaf_^ + y2af). 
Finally, since X2 C y2al^ and Xi C yia^^^, it follows that 

ea{y2yi + Al\af) = e«((x2 + Z/iaJ^) + (^i + yaaf )) = ea(af + aH^). □ 

1') Since Cq C ?/2, we have 

ea{y2af + y2af) = ea{af + y2af). 

Since Xi C a^^, we have 

ea{y2af + y2af) = e^iaf + (xi + y2af)) = e^iaf + a^+i). □ 

2) Since 

af = xi+ y3af_i ^ Z/sOg^i ^ l/sof 5 
(Table 103 Line 2, a-form), it follows that 

ea{x2 + afAl^) = ea{x2af + ) = e„(x2Af + ). 
Further, since yi C Af , it follows that 

ea(x2 + af Af ) = e„(yi + xaAf + Af ) = e„(Aj^i + Af ). □ 

3) Since C A^^^ C A^^, we see that 

eaiysyi + Af af ) = CaiysyiAf + af ) = edym^f + af )• 
Since Cq, C t/i, it follows that 

ea(2/3yiaf + af ) = e^iysaf + yiaf ) = 

ea(xi + ysaf + X3 + yiaf ) = ea(aj^i + al\^). □ 

4) Since a^"^^ = X3 + ?/2af ^ l/2aq+i ^ Cq, fTable RTTl Line 4, a-form), we see that 

ea{xi + a^_|_]^A^ ) = eQ,(xia^_|_]^ + A^ ) = ea{xiA^^-^ + A^ ) = 
e,(l/3 + XiA^^ ^ + Af ) = e„(Aj^2 + )• □ 

5) Since e„ C ysA^^a ^ ?/3^g+i and 1/3 ^ Cq, we see that 

ea(l/2l/3 + Aj+iaf ) = e„(?/22/3Aj+i + af ) = e„(2/2aj+i + 2/3^^) = 
ea((x3 + y2af+i) + {x2 + ysaf)) = e„(aJ+2 + "fell)- ^ 

6) Since a^i',_2 = X2 + yi^g^i ^ yia^']_i ^ (Table imj Line 6, a-form), it follows that 

ea{x3 + all^Af) = e^ix^all^ + ^f ) = e^ix^Al^ + Af ) = 
ea{y2 + XsAll, + Af) = e„(A;3 3 + Af ). □ 

7) By (Table im| Line 7, a-form) af = X3 + yia^^]^ 3 yia}^_^ D yi^f ^ Cq,, and therefore 

ea(x2 + af Af ) = e«(x2af + Af ) = e„(x2Af + Af ) = 
e«(2/3 + a;2Af + Af ) = e„(Af+i + Af ). □ 

8) By (Table EH Line 8, a-form) af D a^+i ^ Ga and we have 

ea(xi + af A^"^]^) = ea(xiaf + A?^j^^) = 

e«(2/2 + xiAf + Af+i) = e^iAlX, + Af^^). □ 
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9) Since ^ 3 A^"^ D e^, we see that 

ea(|/2?/3 + Af_^al\^) = ea{y2y3Af_i + af+i) = ea{y2y3af^i + af+i) = 

eaixs + l/2l/3«gii + af+i) = eaiysix^ + y2af_i) + a^+i) = e^iy^af + al\i) = 

e,(xi + y^af + af+J = e„(aj^i + af+J. □ 

9') Here, 

ea(?/i4^ + T/sflf ) = e«((a;3 + yial^) + {xi + y^af)) = ea{al\^ + al%^). □ 

10) By (Table EH Line 10, a-form) af D af^^ D e„, thus, 

e,(x3 + A^i^i) = e^ixsaf + Al\,) = e^{xsAf + AH,) = 
ea{y2 + XsAf + All,) = U^lli + ° 

11) Since Af D Af^, ^ e„, we get 

ea(?/2?/i + Afall,) = (^a{y2yiAf + af+i) = e«(i/2l/iaf + af+i) = 

ea(x2 + y2yiaf + Ofc+i) = ec,(t/2(a;2 + yiaf) + Ofc+i) = 6^,(1/205+1 + 0^+1) = 

ea(a;3 + 2/20^+1 + cifc+i) = 6^(0^+2 + ^fc+i)- □ 

12) By (Table ICTTl Line 12, a-form) a]^_^, 3 a^^g ^ and we get 

ea(x2 + = e«(s2a;:^i + A"^^,) = 

ea{yi + a;2Aj^i + Af^,) = e^{Af_,^ + Af_^,). □ 

13) Here, 

ea(?/3l/i + -4g^iafc+i) = e„(|/3?/iylg;|_i + a^+i) = e„(|/3|/iag+i + 4+^) = 

ea{xi + ?/3Z/iag+i + a^+i) = ec,(?/i(xi + y3ag+i) + af+i) = ea(2/iaJ+2 + alli) = 

ea((x2 + l/iaji^a) + = ea(ag+3 + 4+i). □ 

14) By (Table ins Line 14, a-form) af^2 =^ ^q+3 — and we have 

ea{xi + ag^2^fc+i) — 6a(a;iag^2 + ^fc+i) = 

eaiVs + xiall^ + Af+i) = eaiys + x^Af^^ + Af^,) = e^iAf^^ + Af^,). □ 

After all previous preparations the proof of Theorem 12.13.11 is rather trivial. Instead of 
inclusion 

eai ^ gao, where i = 1,2,3, 
we will prove a sharper statement 

Proposition C.1.7. For the lattice elements Cai and gao, we have 

^ai = 9aoZ, i = 1,2, 3, 

where the element Z for i = 1 is given in Table C.4 



Proof of Proposition IC.1.71 follows from the S'-form of elements gao from Table IC.3I and 
the a-form and A-form of the elements e„i from Table IC.ll The polynomial gao from Table 
IC.3l is the intersection of M and P: 

g^o = Mr]P, (C.l) 
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N 


al 

index of Cai 


a 

index of gao 


Gal -- 


- QaoZ 


1 


(213)2P(21)2^' 


21(321)2p-i(32)2/= 


CqI = 




2 


3(213)2P(21)2^ 


(321)2^(32)2/= 


e^i = 




3 


13(213)2P(21)2'= 


l(321)2f(32)2^' 


e^i = 




4 


(213)2^+1(21)2*^ 


21(321)2^(32)2/= 


e^i = 


gaoA?q+2 


5 


3(213)2p+i(21)2*^ 


(321)2p+i(32)2/= 


e^i = 




6 


13(213)2p+i(21)2*' 


l(321)2p+i(32)2/= 


eai = 




7 


1(21)2^^ 


(12)2/= 


Cal = 




8 


1(21)2/^+1 


(12)2/^-+i 


Gal = 




9 


(213)2^(21)2/^+1 


21(321)2p-i(32)2/=+i 


Gal = 




10 


3(213)2p(21)2/=+i 


(321)2f(32)2^'+i 


eai = 




11 


13(213)2^(21)2/^+1 


l(321)2p(32)2/=+i 


eai = 




12 


(213)2^+1(21)2^+1 


21(321)2p(32)2/=+i 


eai = 


« /1 12 


13 


3(213)2p+i(21)2/=+i 


(321)2p+i(32)2/=+i 


eai = 


n 412 


14 


13(213)2p+i(21)2/=+i 


l(321)2p+i(32)2/=+i 


eai = 





Table C.4. The relation Cai = QaoZ 



where M is the expression located on the left of the brackets in the S'-form of Table WTa\ and 
P is the sum contained in the parantheses of this S'-form. Then, for every line from Table 
\C1\ we have 

MZ = Cai and e„i C P. (C.2) 
From (frrr]) and (f(T2|l it follows that 

gaoZ = MPZ = CalP = eai- 

For example, consider Lines 1 and 2 of Table [031 
Line 1 . We have 

9ao = y2Al\AfAl'Al\{af + aH,), 

M = y2At,AfAj:^Al\, P = af + all„ Z = Af. 

Since -4g2 C ^12^, it follows that 

MZ = y2Af_,AfAl'Af = e^i 

and by a-form from Table lUTT] we obtain Cai ^ a2i C P. □ 
Line 2 . We have 

9.. = y.Af_,AfAfAf{Af^, + An 

13 4 23 /1 21 /1 12 D_ 4I2 I /|13 ry _ 4I2 



Since A^qj^^ C ^412, we see that 



M — y-iAj^_^A^ Af^ Ag , P — A^^-^ + Af. , Z — A^j^^. 
MZ = y2Af_,AfAl'All, = e„i. 
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In addition, e„i C C P. □ 

Proposition KIl.TI together with Theorem I2.1H.1I (Inclusion Theorem) are proven. 

C.2. Properties of H^{n) 

C.2.1. The perfectness of aj(l). Without loss of generality we consider i = 1; we 
have 

p(ai(l)) =p{x2{l) + 0:3(1)) + p(z/2(2) + ^3(2)) = 

P(X2 + 0:3) + 5^ <^,<I>+p(y2(l) + 1/3(1)) = 
X2 + X3 + ^ ^i<l>+p(y2 + Z/s)- 

(a) Case $+p(y2 + Z/3) 7^ 0. In this case, p(ai(l)) 7^ 0. Since 1/2+ 1/3 is perfect (Proposition 
I2.9.3|) . we see that $+p(t/2 + Vz) = ^0 t)y Corollarv 12.4.41 we obtain 

p(ai(l)) =X2 +X, + J2 V^X'o =X2 + Xs + J2 V^^^PiI) = 

X2 + X3 + (Fi + Y^){Y, + F3)(>^2 + ^5). 

If X2 + X3 = 0, then 

p(ai(l)) = (Fi + Y^W^ + Y^){Y^ + F3) 
and ai(l) is perfect because yi + yj is perfect. If X2 + X3 7^ then F2 + ^3 = -^O; and 
therefore 

p(ai(l)) =X2 + X3 + (Fi + Y2){Yr + F3) = 

(Fi + 1^2 + X3)(ri + 1^3 + X2) = (C.4) 
p((yi + 1/2 + a;3)(2/i + 1/3 + X2)). 

Thus, ai(l) is perfect by Corollarv 12.9.41 

(b) Case $"'"p(7/2 + 1/3) = 0. Here, we have Y^ + ^3^=0. Then $+p is of the from 

X^ Y^ Xl 



For any indecomposable representation $"'"p, it can be true only for 

f Pxo or ( <I>"Vxo or 

^^P = i Pyi or i.e., p = <^ <^-^Py, or (C.5) 

see Table FOI For these 3 representations, p(x2 + 3:3) = 0, and therefore p(ai(l))=0. □ 

C.2.2. The perfectness of &j(l). To prove the perfectness of &i(l) ^ Oi(l), it suffices 
to consider only the representation p, for which p(ai(l)) = 0, i.e., the case ^C.2.11 (b). In 
this case, p satisfies eq. ()(15|1 . Since 6j(l) = aj(l) + xi(2), we get 

p{b,{l)) = p{a,{l) +ysy2) =Y3Y,. 

Case p = ^^^pxQ (similarly, for $^^pj^J. In this case, p is the direct sum 

Fi Fi F2 >^2 

e F2 





where dimyi = dimY2 = dimYs = 1, which contradicts the indecomposability of p. 
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Case p = $-Vxi. Then p(&i(l)) = ¥^¥2 = R\ i.e., p(&i(l)) = Xq and bi{l) is perfect. □ 



C.2.3. The perfectness of Cj(l). Since ci(l) 3 we see as above, that it suffices 

to consider only the case p(6i(l)) = p(ai(l)) = 0, i.e., again, p satisfies eq. fl(I5jl . Since 
Ci(l) = aj(l) + 2/1(2), it foUows that 

p(ci(l)) = p(a,(l) + 2/2(xi + 2/3) + ysixi + 2/2)) = >2(Xi + Fa) + ¥s{Xi + ^2). 

For p = $^^pa;(, and p = ^^^p^^^, we have Xi = 0. Then 

¥2{X, + ¥,) + ¥,{X, + ¥2) = ¥2¥, 

and we are back to the argumentation of ^C.2.21 Let us consider p = ^~^py-^. 

Here, Xi + ¥2 = Xq, otherwise dim(Xi + ¥2) = 1 and Xi = ¥2 and the representation 
$~^Py^ is decomposable. Since Xi + ¥2 = Xq, we get ¥3{Xi + ¥2) = ¥3; by analogy we have 
y2(-'^i + ^3) = ¥2, and hence p(ci(l)) = ¥3 + ¥2. Since 1/2 + ys is perfect, it follows that ci(l) 
is also a perfect element. 

The perfectness of elements aj(l), Cj(l) for i = 2, 3 is similarly proved. □ 

C.2.4. The perfectness of ai{n) , bi{n) , Ci{n) . Now, we will prove the perfectness of 
the elements ai{l) , bi{l) , Ci{l) . 

Proposition 1X^1. II 1) For every element Vi{n) = ai{n) , bi{n) , Ci{n) , we have 

p{vi{n))= J2 Vk^^Pivi{n-l)). (C.6) 
fc = 1,2,3 

2) The elements ai{n), bi{n), Ci{n) are perfect for every n>l and i = 1, 2, 3. 

Proof. 1) follows from the definition of the cumulative polynomials from ^l.lOl Proposi- 
tion [2^331 and the definition of the perfect elements Vi{n) from ^A.61 □ 

2) For n = 1, it was only just proved in ^^ 10.2.1110.2.2110.2.31 We will prove, for example, 
the perfectness of ai{n). From eq. ()(I6|) we have 

p(aiH)= Yl ^^^-'pialin-l)). (0.7) 

i = 1,2,3 

By flCITj) . Proposition 12.10. D and relation ()2.15j) we see that the perfectness of ai(n) follows 
from the perfectness of ai(n — 1). □ 

C.2.5. The distributivity of H^{n). Our proof of the following proposition is founded 
on the well-known result of B. Jonsson |.To55j (see Proposition IA.4.4|l : 

A modular lattice generated by the chains si, 82,83 is distributive if and only if every 
sublattice [vi,V2,V3], where Vi is some element from Si, is distributive. 

Proposition l!?7l.2l if +(?7.) is distributive sublattices for every n > 0. 
Proof. By Jonsson's criterion it suffices to prove that 

ViVk + VjVk = {vi + Vj)vk (0.8) 

for distinct k. In our case, every two generators from different chains compose the same 
sum 

Vi + Vj = In, where i ^ j. (0.9) 

For n > 1, we have 

In= Yl ^*(^)+ Yl (C-10) 
1=1,2,3 i=l,2,3 
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For n = 0, we have 

i=l,2,3 

By JUHl) and it suffices to prove 

ViVk + VjVk = Vk (C.12) 

for distinct i,j, k. We will omit index n in the polynomials ai{n), bi{n), Ci{n). 
Suppose that 

ttittj + ak = In- (C.13) 
Then, biaj + ak = In and Cittj + ak = In- Further, by the modular law ()A.3jl we have 

tti = ai{aiaj + ak) = aiaj + aiQk-, 

hi = bi{aiaj + ak) = kaj + kak, (C.14) 
Ci = Ciiataj + ak) = Ciaj + Ciak- 
Now, if ai <^ Vi, where Vi = hi or q, then 

ai = aiaj + aiak C aiVj + aiVk C ai{vj + aiVk) C a^, 
i.e., ai = aiVj + aiVk- The same for bi, Ci\ 

ai = aiVj + aiVk, 

bi = biVj + biVk, (C.15) 
Ci = aiVj + CiVk- 

So, (ini5|l and (im2l) follow from KH^ . Therefore, it suffices to prove KH^ . For n = 
we have = yj + yk and 

In ^ cLiaj + flfc = {vj + Vkjivi + Vk) + yi + Vj ^yk + yi + yj = In- 
Set 

ti{n) = Xi{n)+yi{n + l). (C.16) 
Obviously, ai{n) = tj{n) + tkiji). By ()C.10|) . for n > 1, we have (parameter n is dropped) 

In ^ O.iO'j + flfe = {tj + tk){ii + ^k) + ti + tj ^ tfc + + tj = In- 

The distributivity of II^{n) is proven. □ 

C.2.6. The cardinality of H^{n). Now we will prove that the distributive lattice 
if"'"(0) is a 27-element sublattice in 1)2.2,2 ^.j^g distributive lattice H^{n){n > 1) is the 
64-element sublattice in D^'^''^. 

We introduce characteristic function x^p to be 

j 1 ioT p{v) = Xo, 
- \0 for p{v) = 0. ^^-^^^ 

Proposition 1^2.31 The lattice II^{0) contains 27 distinct elements. 

Proof. It suffices to enumerate all 27 elements in the lattice -^"''(0) and find representation 
which separates each pair of elements. Table lTTsl contains values of the characteristic function 
()(117jl on 6 representations py-,p^., where z = 1,2,3 (see Table ET}, and all 27 elements of 
II~^{0). All signatures in Table ITTSl are distinct. □ 

Proposition 1372.41 The lattice II~^[1) contains 64 distinct elements. 
As above, for the sublattice II~^{0), it suffices to enumerate all 64 elements in the lattice 
if+(l) and find representation which separates each pair of elements. Tables ITTHt l( ^ . 71 cont ain 
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values of the characteristic function ()(L17j) on 9 representations p^.-, $~^py-, where 
i = 1,2, 3, (see Table IX!T| and all 64 elements of H~^{1). 

By fll.27|l the generators Oj, bi, Ci, i = 1,2,3 from the sublattice H'^{1) are: 

ai(l) =X2 + X3 + ys{x2 + yi) + yi{x2 + 2/3) + Vii^s + 7/2) + y2ix3 + yi), 

02(1) = xi + X3 + ?/3(xi + 7/2) + 2/2(a;i + 2/3) + yi(a;3 + 1/2) + y2(x3 + yi), (C.19) 

03(1) =X2 + xi + yz{x2 + yi) + yi{x2 + 2/3) + yz{xi + ?/2) + y2(xi + y^), 

61(1) = ai(l) + 2/22/3, ci(l) = ai(l) + y2{xi + 2/3) + y^^^xi + 2/2), 

62(1) = 02(1) +2/i?/3, C2(l) = 02(1) +2/1 (x2 + 2/3) +2/3(a;2 + 2/1), (C.20) 

63(1) = 03(1) + 2/12/2, C3(l) = 03(1) + 2/1 (x3 + 2/2) + 2/2(a;3 + 2/1), 

see Table IC.6I By (IC.18|) Lines 10 - 64 of Table IC.7I are obtained by multiplying of appro- 
priate Lines 1 - 9 of Table 1(161 

No two signatures in Tables ITTHl coincide, which was to be proved. □ 

C.2.7. A relation between the upper and the lower generators of H^{n). 

Proposition 13.5.11 Table from ^3.34 gives relations between the upper and the lower 
generators. These relations are true mod 6. 

Proof. For definition of ai{ri),bi{n),Ci{n) (resp. Pi{ri),qi{n), Si{n)), see p.27|) (resp. 

(ESI). 

1) By ()3.24|1 we have xoin + 2) C aiin) and 

Sj{n) + Sk{n) = 

Xj{n) + yj{n + 1) + Xk{n) + yk{n + 1) + Xo{n + 2) = 
ai{n) + Xo{n + 2) = aj(n). 

2) Here, we have 

Sj{n) + Sk{n) +Pi{n) = 
ai{n) +Pi{n) = 

Xj{n) + yj{n + 1) + Xk{n) + yk{n + 1) + Xo{n + 2) + Xi{n + 1) = 
ai{n) + Xi{n + 1) = bi{n). 

3) Further, 

Sj{n) + Sk{n) + qi{n) = aj(ra) + qi{n) = 

Xj{n) + yj{n + 1) + Xk{n) + yk{n + 1) + Xoin + 2) + yi{n + 1) = 
ai{n) + yi{n + 1) = Ci{n). 

4) Consider the intersection ak{n)aj{n): 
ak{n)aj{n) = 

[Xi{n) + yi{n + 1) + Xj{n) + yj{n + l)\[xi{n) + yi{n + 1) + Xk{n) + yk{n + 1)] = 
Xiin) + yi{n + 1) + {xj{n) + yj{n + l))aj{n). 
Since Xj{n) + yj{n + 1) C ai{n)ak{n), we see that 

ak{n)aj{n) C Xiiji) + yi{n + 1) + ai{n)aj{n)ak{n) = 

Xi{n) + yi{n + 1) + xo(n + 2) = Si{n). 
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On the other hand, 

Si{n) = Xi{n) + yi{n + 1) + xo(n + 2) C aj{n)ak{n). 

Therefore, 

Si{n) = aj{n)ak{n). 

5) Since Xi{n + 1) C aj{n) and Xj{n + 1) C ai{n), by heading 4) we have 

hi{n)hj{n) = (aj(n) + Xi{n + l))(aj(n) + a;j(n + 1)) = 
Xi{n + 1) + Xj{n + 1) + ai{n)aj{n) = 

Xi{n + 1) + Xj{n + 1) + ai{n)aj{n) + Xo{n + 2) = pi{n) +Pj{n) + Sfe(n). 

6) Since yi{n + 1) C aj{n) and yj{n + 1) C ai{n), by heading 4) we get 

Ci{n)cj{n) = {a,{n) + y,{n + l)){aj{n) + yj{n + 1)) = 
yi{n + 1) + yjin + 1) + ai{n)aj{n) = 

yi{n + 1) + |/j(n + 1) + ai{n)aj{n) + a;o(n + 2) = qi{n) + qj{n) + Sk{n). 

7) Since Xi{n + 1) C bj{n), by heading 4) wc sec that 

ai{n)bj{n) = a,(n)(aj{n) + Xj(n + 1)) = Xj(n + 1) + ai{n)aj{n) — 
Xj{n + 1) + ai{n)aj{n) + Xo{n + 2) = Pj{n) + Sk{n). 

8) Since + 1) C Cj(n), by heading 4) we have 

ai(n)cj(n) = ai{ri){aj{ri) + yj{n + 1)) = yj{n + 1) + aj(n)aj(n) = 
yj{n + 1) + ai{n)aj{n) + Xo(n + 2) = + Sfe(n). 

9) Since Xi{n + 1) C Cj(n) and yj{n + 1) C by heading 4) we have 

bi{n)cj{n) = {a,{n) + x,{n + l)){aj{n) + yj{n + Ij) = 
Xi{n + 1) + yj{n + 1) + ai{n)aj{n) — 

Xi{n + 1) + yj{n + 1) + ai{n)aj{n) + xo(n + 2) = Pj{n) + qj{n) + Sfc(n). 

10) Since Xk{n + 1) C ai{n)aj{n), wc sec that 

ai{n)aj{n)bk{n) = ai{n)aj{n){ak{n) +Xk{n + 1)) = 

Xk{n + 1) + ai{n)aj{n)ak{n) = Xk{n + 1) + Xo{n + 2) = Pk{n). 

11) Since + 1) C a.i(ri)aj{n), wc have 

ai(n)aj(n)cfe(n) = ai(n)aj(n)(afc(n) + + 1)) = 

yk{n + 1) + ai{n)aj{n)ak{n) = + 1) + Xo(n + 2) = qk{n). 

12) Here we have 

bi{n)bj{n)ak{n) = (ai(n) + + l)){aj{n) + + l))ak{n) = 
+ 1) + + 1) + ai{n)aj{n)ak{n) = 
+ 1) + Xj{n + 1) + XQ{n + 2) = pi{n) +pj{ri). 

13) Further, 

bi{n)bj{n)ck{n) = {ai{n) + Xi{n + l))(%(n) + Xj{n + l))(afc(n) + yk{n + 1)) = 
+ 1) + Xj{n + 1) + yfe(n + 1) + ai{n)aj{n)ak{n) = 
+ 1) + + 1) + yk{n + 1) + a;o(?T' + 2) = pi{n) +Pj{n) + qk{n). 
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14) As above, 

Ci{n)cj{n)ak{n) = (0^(72) + yi{n + l)){aj{n) + yj{n + l))ak{n) = 

Uiin + 1) + Vjin + 1) + ai{n)aj{n)ak{n) = yi{n + 1) + yj{n + 1) + Xo{n + 2) 

15) Similarly, we have 

Ci{n)cj{n)hk{n) = {ai{n) + yi{n + l)){aj{n) + yj{n + l)){ak{n) + Xk{n + 1)) 

+ 1) + yj{n + 1) + + 1) + ai{n)aj{n)ak{n) = 
yi{n + 1) + + 1) + Xk{n + 1) + Xo(n + 2) = gj(n) + qj{n) +pk{n). 

16) Similarly, 

ai{n)bj{n)ck{n) = ai{n){aj{n) + Xj{n + l)){ak{n) + yk{n + 1)) = 

Xj{n + 1) + yk{n + 1) + ai{n)aj{n)ak{n) = 

Xj{n + 1) + yk{n + 1) + xo(n + 2) = pj(n) + qk{n). 

17) It is just (jS21: 

ai{n)aj{n)ak{n) = XQ{n + 2). 

18) Here we have 

bi{n)bj{n)bk{n) = {ai{n) + + l))(aj(n) + Xj{n + l))(afc(n) + + 1)) 

Xi{n + 1) + Xj{n + 1) + Xk{n + 1) + ai{n)aj{n)ak{n) = 

Xi{n + 1) + Xj{n + 1) + Xk{n + 1) + Xo(n + 2) = pi{n) + Pj{n) +pk{n). 

19) Similarly, 

Ci{n)cj{n)ckin) = (aj(ra) + yi{n + l)){aj{n) + yj{n + l))(afe(ra) + ykin + 1)) 

yi{n + 1) + yj{n + 1) + yk{n + 1) + ai{n)aj{n)ak{n) = 

yi{n + 1) + yj{n + 1) + yk{n + 1) + a;o(n + 2) = gj(n) + qj{n) + gfc(n). 

20) As follows from Line 1) of this table, 

ai{n) + aj{n) = {sj{n) + Sfc(n)) + (si(n) + Sfc(n)) = Si{n) + Sj{n) + Sk{n). 
Proposition 13.5.11 is proven. □ 
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C. THE INCLUSION THEOREM AND PROPERTIES OF H+{n) 



N 


Polynomial 


Pyi 


Py2 


Pys 




Px2 


Px, 


(Zeros, Units) 


1 


ai(0) = y2 + y-i 





1 


1 





1 


1 


(2,4) 


2 


02(0) = yi + yz 


1 





1 


1 





1 


(2,4) 


3 


03(0) = 1/2 + 


1 


1 





1 


1 





(2,4) 


4 


61(0) = xi + 1/2 + 1/3 





1 


1 


1 


1 


1 


(1,5) 


5 


62(0) = a;2 + yi + ?/3 


1 





1 


1 


1 


1 


(1,5) 


6 


^3(0) = 0:3 + 1/2 + 1/1 


1 


1 





1 


1 


1 


(1,5) 


7 


01(0)02(0) 








1 








1 


(4,2) 


8 


01(0)03(0) 





1 








1 





(4,2) 


9 


02(0)03(0) 


1 








1 








(4,2) 


10 


him>-m 








1 


1 


1 


1 


(2.1) 


11 


^1(0)63(0) 





1 





1 


1 


1 


(2,4) 


12 


62(0)63(0) 


1 








1 


1 


1 


(2,4) 


13 


01(0)62(0) 








1 





1 


1 


(3,3) 


14 


01(0)63(0) 





1 








1 


1 


(3,3) 


15 


02(0)61(0) 








1 


1 





1 


(3,3) 


16 


02(0)63(0) 


1 








1 





1 


(3,3) 


17 


03(0)61(0) 





1 





1 


1 





(3,3) 


18 


03(0)62(0) 


1 








1 


1 





(3,3) 


19 


01(0)02(0)63(0) 

















1 


(5,1) 


20 


01(0)62(0)03(0) 














1 





(5,1) 


21 


61(0)02(0)03(0) 











1 








(5,1) 


22 


01(0)62(0)63(0) 














1 


1 


(4,2) 


23 


61(0)02(0)63(0) 











1 





1 


(4,2) 


24 


61(0)62(0)03(0) 











1 


1 





(4,2) 


25 


01(0)02(0)03(0) 




















(6,0) 


26 


61(0)62(0)63(0) 











1 


1 


1 


(3,3) 


27 


-^0 = Z/l + ?/2 + Z/3 


1 


1 


1 


1 


1 


1 


(6,0) 



Table C.5. The characteristic function on the 



0) 



Notes : (a) Lines 7-27 are obtained by multiplying the appropriate Lines 1-6, since 

xr'=x^^x^^ (C.18) 

(b) We call a sequence of "zeros" and "units" in the set py^ ^py^,. . . px^ the signature of the 



corresponding polynomial. 



C.2. PROPERTIES OF H+{n) 
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N 


Poly- 
nomial 


Pxi 


Px2 


PX3 














(Zeros, 
Units) 


1 


ai(l) 





1 


1 





1 


1 





1 


1 


(3,6) 


2 


«2(1) 


1 





1 


1 





1 


1 





1 


(3,6) 


3 


«3(1) 


1 


1 





1 


1 




1 


1 




(3,6) 


4 


&i(l) 





1 


1 





1 


1 


1 


1 


1 


(2,7) 


5 


&2(1) 


1 





1 


1 





1 


1 


1 


1 


(2,7) 


6 


fe3(l) 


1 


1 





1 


1 




1 


1 


1 


(2,7) 


7 







1 


1 


1 


1 


1 


1 


1 


1 


(1,8) 


8 


C2(l) 


1 





1 


1 


1 




1 


1 




(1,8) 


9 


C3{1) 


1 


1 





1 


1 




1 


1 




(1,8) 



Table C.6. The characteristic function on the H~^{1). The generators aj(l), 6i(l), Cj(l) 
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C. THE INCLUSION THEOREM AND PROPERTIES OF H+{n) 



N 


Poly- 
nomial 




pX2 






^~^Py2 




^~^Pxi 


^~^pX2 


^~^pX3 


(Zeros, 
Units) 


10 




Q 


Q 


-I 


Q 


Q 


\ 


Q 


Q 


-I 


f6 31 


11 




Q 


I 


Q 


Q 


\ 


Q 


Q 


-I 


Q 


(6 3) 


12 


a2{-i-)0'3\i-) 





U 


U 




n 
u 


n 
u 




u 


U 


I) , ) 




Oi{l)02{i-) 


n 
u 


n 
u 




n 
u 


n 
u 










(A ^) 


14 


(1 1/),, n ~\ 


Q 


]^ 


Q 


Q 


I 


Q 


-I 


-I 


-I 


(4 5) 


15 


K-,(-\ u,,. n ~\ 




Q 


Q 


-I 


Q 


Q 


-I 


-I 


-I 


(4 5l 


16 


'-1 \ -L ) 2 -L ) 


Q 


Q 


l 


l 






l 


l 


l 


(2 7) 


17 


r , l'\ 1 "1 ^ 

'■iV-Lj'-.H-'-J 


("J 




Q 








I 




I 


(2 7) 


lo 


C2{1)CS{1) 




n 


n 

U 














V ' ' ) 


1 Q 




n 
u 


n 
u 




u 


n 
u 




n 
u 






W' ) 


20 




Q 


]^ 


Q 


Q 


\ 


Q 


Q 


-I 


-I 


(5 4) 


21 




Q 


Q 


-I 


Q 


Q 


\ 


-I 


Q 


-I 


(5 4) 


22 




I 


Q 


Q 


-I 


Q 


Q 


-I 


Q 


-I 


(5 4) 


23 


dS^i^jOl {1) 


Q 


]^ 


Q 


Q 


\ 


Q 


-I 


-I 


Q 


(5 4) 


24 







U 


n 
u 




n 
u 


n 
u 






n 

U 


W' ) 


zo 




n 
u 


n 
u 





U 








u 






(A K\ 


26 


,-7 1 n V'-j n ^ 


Q 


]^ 


Q 


Q 


1 




Q 






(4 5) 


27 




Q 


Q 




-I 


Q 




-I 


Q 


-I 


(4 5) 


28 


/i'^ ('] \r', {^ \ 


I 


Q 


Q 


-I 


Q 


\ 


-I 


Q 


-I 


(4 5) 


29 


H', (^ Vi (^ ^ 

"3 {^J^l \^) 


Q 


I 


Q 


-I 




Q 


-I 


-I 


Q 


(4 5) 


ou 


as[^i)C2\i-) 





U 


n 






n 

U 






n 


(A K\ 


O-L 


Ol{l)C2{^) 



U 




u 




n 
yj 














32 




Q 


]^ 


Q 


Q 


I 


I 


-I 




-I 


(3 6) 


33 


bo(l)c^ (1) 








1 


1 





1 


1 


1 


1 


(3,6) 


34 


62(1)C3(1) 


1 








1 





1 


1 


1 


1 


(3,6) 


35 


63(1)01(1) 





1 





1 


1 





1 


1 


1 


(3,6) 


36 


63(1)02(1) 


1 








1 


1 





1 


1 


1 


(3,6) 


37 




Q 


Q 


Q 


Q 


Q 


Q 


Q 


Q 




(S,l) 


38 




Q 


Q 


Q 


Q 


Q 


Q 


Q 


-I 


Q 


(8 1) 


39 


nr.(^ ^n'>(^ \h, ('] ^ 

a2{i-)u,^i[i)Ui yi) 


Q 


Q 


Q 


Q 


Q 


Q 




Q 


Q 


(8 1) 




m (A \n<-. ( 1 Vo /'I ^ 


n 

U 


n 

U 


n 

U 


n 

U 


n 


^ 


u 


U 




(7 9"! 


41 


aiyi)as\±)C2{i-) 


n 
u 


n 


u 


u 




n 

U 


u 




u 


(7 0^ 


42 


a2 yijus 


Q 


Q 


Q 


-I 


Q 


Q 


-I 


Q 


Q 


(7 2) 


43 


('I \^}"'3 \^ ) 


Q 


Q 


Q 


Q 


Q 


Q 


-I 


-I 


Q 


(7 2) 


44 




Q 


Q 


Q 


Q 


Q 


Q 


1 


Q 


-I 


(7 2) 


45 




Q 


Q 


Q 


Q 


Q 


Q 


Q 


-I 


-I 


(7 2) 






n 


n 


n 

U 


n 

U 


n 

U 


^ 








A^ 




hi n "Iho (A (A\ 
01 V^;03 \^)^2 \i- ) 


n 


n 



U 


u 




n 

U 








A\ 


48 


hr^fA "iho n Vi (A ') 


Q 


Q 


Q 


-I 


Q 


Q 




-I 




(5 4) 


49 


r-, (A n '\n-.(A \ 


Q 


Q 


Q 


1 


I 


Q 






Q 


(5 4) 


50 


r-, (A v.. n \n'^(A \ 


Q 


Q 


Q 


1 


Q 


I 


-I 


Q 


-I 


(5 4) 






n 

U 


n 



U 


u 






n 
u 






(5 1) 




(A (A\h-AA\ 


n 


n 


n 
u 






n 
u 








(A K\ 


uo 


(A Vo (A Aho {A\ 


n 


n 
u 


n 




n 

U 










(A 


54 


r'^iA ^rr, (A ^hi (A\ 


Q 


Q 


Q 


Q 


\ 




-I 


-I 


-I 


(4 5) 


55 


n-, (A \hr,(A ^nr, (A \ 


Q 


Q 


-I 


Q 


Q 


I 


Q 


-I 


-I 


(7 2) 


56 


(A\h'^iA\r^iA\ 


Q 


Q 


Q 


Q 


I 


Q 


Q 




-I 


(7 2) 


O 1 


n'^(A\h^ (A\n--,(A\ 
"2 \V)C3\V) 


n 


n 


n 

U 


U 



U 






u 




(7 9"! 


oo 


n^^ (A '\h-> i A Vi (A\ 



U 


n 


n 
u 






u 



U 




u 




(7 0^ 


59 


^3\^)^\ \^)^2\^) 


Q 


Q 


Q 


Q 


I 


Q 


-I 


-I 


Q 


(3 6) 


60 


a^^{X^h'A\^C^ (1) 
^0 V / V / J- V / 











1 








1 


1 





(3,6) 


61 


Hl(l)«2(l)":i(l) 





























(9.0) 


02 


6i (1)62 (1)6;-, (1) 


(J 


("J 














1 


1 


1 


(0.3) 


63 


C1(1)C2(1)C3(1) 











1 


1 


1 


1 


1 


1 


(3,6) 


64 


h 


1 


1 


1 


1 


1 


1 


1 


1 


1 


(1,8) 



Table C.7. The characteristic function on the H^{1). The elements 10-64 



Conjectures 



1. Conjecture 11.13.21 The lattice H^{JH contains all perfect elements of D^'"^'^ 
mod 6. 

For D^, the similar conjecture (due to Gelfand-Ponomarev) was proved by Dlab and 
Ringel in |nR8n| and Cylke in |Cyl82| , see 3131 

2. Conjecture 13.4.^ The relation 

xo{n + 2) = aj(n) mod 9, 

i = 1,2, 3 

see ^y-24\ Proposition 3.4-^ takes place without restriction mod 6. 

Here, xo(n + 2) is the cumulative polynomial defined in and the aj(n) are perfect 

elements defined in ^1.27[ The elements Xo{n + 2) are also perfect, see Corollarv 13. 4. 31 

3. Conjecture 13.931 The relation 

ai{n)xi{n + 1) C + 2) mod 9, 

(see iS. 51\} ). takes place without restriction mod 6. 

Here, Xi{n + l),yi{n + 2) are the cumulative polynomial defined in and the aj(n) 

are perfect elements defined in ^1.27[ 

4. Conjecture 14.8.^ For every admissible sequence a, the elements (resp. fao) and 
Cq, (resp. fao) coincide without restriction mod 9 (see Proposition \4.8.^ . 

Here, the elements Ca (resp. fao) given by Table 14. 3| and the elements Cq (resp. fao) 
determined by Gelfand and Ponomarev, see ^4.8.21 For small admissible sequences, this 
coincidence is proved in Propositions I4.8.4[ 14.8.51 
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